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Preface

This book collects the statistics you need to read the result of an online experiment and to know why it is
computed the way it is. It assumes you remember some calculus. It does not assume a statistics course.

The order is the usual one for the subject. Chapters 1 to 3 build the basic tools: random variables, the central limit
theorem, tests and confidence intervals. Chapter 4 explains why a randomized experiment supports a causal
conclusion, and how a hash function can stand in for a coin. Chapters 5 to 7 handle metrics that are not simple
means, such as a ratio of two totals or a relative lift, with the delta method. Chapter 8 covers what goes wrong
when you look at a test many times or run many tests at once, and how to choose a sample size. Chapter 9 is a
short note on statistics that are not means at all.

How to read it

Each section opens with a short box, The idea, that says in plain words what the concept is for and gives a picture
to hold in your head. Then come numbered blocks, as in most math books. A Definition fixes a term. A
Theorem or Proposition states a fact, often followed by a short proof or proof sketch that shows why it holds. An
Example works a toy case by hand with numbers small enough to check on paper. A Remark adds context or a
caveat. Boxes marked Naive and Correct put a common mistake and the right method side by side on the same
data.

Every derivation shows each step on its own line, with the rule that justifies it on the right. When a symbol from
an earlier section reappears, a short reminder of its meaning follows it in parentheses, so you can read any page
without turning back. Numbers marked as coming from a simulation are produced by programs that run each
time the book is built, with fixed random seeds, and the build checks that the text quotes them correctly. Every
chapter ends with exercises; complete answers with the working are at the back.

Notation

The table is a reference only: every symbol is defined in the text where it first appears.

Symbol Meaning

XY random variables, for example one user’s revenue and orders
E[X], u expectation (mean)

Var(X), o2 variance; o is the standard deviation

Cov(X,Y),oxy covariance

n sample size: users in one group

X the sample mean of X, ..., X,

s2, Sxy sample variance and sample covariance (divided by n — 1)

SE standard error: the standard deviation of an estimator

C,T control and treatment group

P the standard normal distribution function

Zq the standard normal quantile, ®(z;) = q; for example z( 975 = 1.96

In charts, blue is the correct method or the control group, orange is the naive method or the treatment group, and
gray is a reference line.
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Chapter 1

Random variables and estimators

An experiment measures users, and users vary. This chapter sets up the language for that variation: random
variables, their mean and variance, how two of them move together, and how to estimate all of this from a
sample.

Random variables, mean and variance

Theidea

Before a user arrives, you do not know what they will spend; you only know which amounts are possible and
how often each happens. A random variable is that unknown number together with those odds. Its mean is
the long-run average you would see over very many users. Its variance says how far a typical value sits from
the mean: take each distance from the mean, square it so that values above and below do not cancel, and
average.

Definition 1.1 (Random variable)

A random variable is a number whose value depends on chance. Its distribution says which values it takes
and how often. We write P(A) for the probability of an event A, for example P(X = 1), and call F(x) = P(X < x)
the distribution function of X.

Example 1.2 (A checkout button)

A visitor reaches the checkout page and buys with probability 0.1. Let X = 1 if they buy and X = 0 if not.
Then P(X = 1) = 0.1 and P(X = 0) = 0.9. The distribution function at 0.5 counts the values at or below 0.5,
which is only the value 0: F(0.5) = P(X < 0.5) = 0.9.

Why squares, and why the square root

Try to measure spread with the plain deviations X — u. Their average is always 0: by linearity,

E[X — u] = u — u = 0, so the values above the mean cancel the values below. Something has to stop the
cancelling. The two natural candidates are the absolute deviation |X — | and the squared deviation

(X — w)?, and for one variable either would do. The square won because of what happens with two. For
independent X and Y the squared deviations add, Var(X + Y) = Var(X) + Var(Y) (Proposition 1.17), the way
squared legs add in Pythagoras’ theorem; absolute deviations obey no such rule. That one property is what
makes the spread of an average of n users computable (Proposition 1.21), and with it everything in Chapter
2. The price is the unit: the variance of a spend in dollars comes out in dollars squared, a number that cannot
be compared with the mean or drawn on the same axis. The square root undoes the squaring, and the result,
the standard deviation, is the spread back in the unit of the data.
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Definition 1.3 (Expectation and variance)

The expectation (or mean) of a random variable X, written E[X], is its probability-weighted average:
E[X] =}, x P(X = x) when X takes finitely many values, and the corresponding integral otherwise. We write
# = E[X]. The variance measures the spread around the mean:

Var(X) = E[(X — p)’|
We write 02 = Var(X). The standard deviation (sd or SD in some tables) is its square root,

o =4/ Var(X)

and has the same unit as X. When several variables are involved, a subscript names the variable: uy, af(, Uy

Example 1.4 (Spend on a pricing page)
A visitor to a pricing page spends $0 with probability 0.5, $10 with probability 0.3 and $30 with probability
0.2.

u=0x05+10x0.3+30x0.2 (definition of the expectation)
=0+3+6=9 (multiply and add)

The distances from the mean are —9, 1 and 21, and their squares are 81, 1 and 441.

0> =81x%0.5+1x0.3+441x0.2  (definition of the variance)
=40.5+ 0.3 + 88.2 =129 (multiply and add)

The standard deviation is \/ 129 = 11.4 dollars: a typical visitor’s spend is about $11 away from the $9 mean.

Proposition 1.5 (Linearity)
For constants a, b and random variables X, Y: E[aX + bY] = a E[X] + bE[Y], and Var(aX + b) = a* Var(X).

Proof.
The first holds because an expectation is a weighted sum (or integral), and sums are linear. For the second,
write u = E[X] (the mean of X):

Var(aX + b) = [E[(aX +b—(au+ b))z] (the mean of aX + b is au + b, by the first part)

= [E[az(X — ,u)z] (cancel b, factor out a)
=a’ [E[(X - /,L)Z] (linearity)
= a’ Var(X) (definition of the variance)

Example 1.6 (Fees and currencies)

Take the pricing-page spend X of Example 1.4, with mean u = 9 and variance o2 = 129. A report converts it
to euros at 0.9 and adds a fixed 5-euro sign-up credit, Y = 0.9X + 5.

E[Y]=09Xx9+5=131 (linearity)
Var(Y) = 0.9 X 129 = 104.49 (Proposition 1.5; the constant 5 drops out)

Adding the same amount to everyone moves the mean but not the spread.
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Proposition 1.7 (A shortcut for the variance)

For a random variable X with mean u = E[X],

Var(X) = E[X?] — u?

Proof.
Var(X) = [E[(X — ,u)z] (definition of the variance)
= [E[X 2 —2uX + u? ] (expand the square)
= E[X?] — 2u E[X] + u* (linearity; u is a constant)
= E[X?] —2u® +4° (E[X] =)
= E[X?] — u? (collect terms)

Example 1.8 (The shortcut on the pricing page)

For the spend of Example 1.4, with ¢ = 9 (the mean of one user’s value):

E[X?] = 0* X 0.5+ 10> X 0.3 + 30> X 0.2 (definition of the expectation, applied to X %)
=0+ 30+ 180 = 210 (multiply and add)
Var(X) = 210 — 92 = 129 (the shortcut)

the same 129 as before, without computing any distances from the mean.

Example 1.9 (A 0/1 outcome)

Let X = 1 with probability p and X = 0 otherwise (a Bernoulli variable), like the checkout button above.
Since X takes only the values 0 and 1, and 02=0and 12 =1,X?% = X for every outcome. For ten users with
nine Os and one 1, the squares are the same list, and both average 0.1. So

EX]=1xp+0x(1—p)=p (definition of the expectation)

E[X*] =E[X]=p X*=X)
Var(X) = E[X?] - p? (the shortcut, with u = p)
=p-p>=pl-p) (E[X?] = p)

A conversion rate of 10% has variance 0.1 x 0.9 = 0.09 per user.

The variance also bounds how often a variable strays far from its mean.

A bound that knows only the variance

Chebyshev wanted to say how often a variable strays far from its mean. The exact answer needs the whole
distribution, which for a user’s spend nobody has. His move was to ask what can be said from the variance
alone, one number, and the answer is an inequality that is never wrong and rarely tight. Its job in this book is
not to be sharp: it proves the law of large numbers in Chapter 2 with no assumption about the shape of the
data.
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Proposition 1.10 (Chebyshev's inequality)

For any random variable Y with mean m and variance v, and any distance ¢ > 0,

P(lY —m| >¢) < E%

Proof.

Write 1{A} for the indicator of an event A: 1 when A happens and 0 otherwise.

v [E[(Y - m)z] (definition of the variance)
> [E[(Y —m)® - 1|y —m| > a}] (drop the outcomes with |Y — m| < ¢; the rest is > 0)

[E[e2 Y —m| > s}] ((Y — m)* > % on that event)

v

£ P(|Y —m| > E) (the expectation of an indicator is a probability)

Dividing by &2 gives the inequality.

Example 1.11 (Chebyshev on the pricing page)

For the spend of Example 1.4, the mean is m = 9 and the variance v = 129. How often is a visitor’s spend
more than $20 from the mean?

129
P(|X — 9| > 20) < So7 = 03225

The exact answer: only $30 is more than 20 away from 9, so the probability is 0.2. The bound holds and is
loose, because it must hold for every distribution with that variance.

Covariance and independence

Theidea

Covariance asks whether two quantities move together. For each user, take how far each quantity is from its
own mean and multiply the two distances: when both are above or both are below, the product is positive.
Averaged over users, a positive covariance means the two tend to rise and fall together. Independence is the
stronger statement that knowing one tells you nothing at all about the other.

Why multiply the two deviations

A spread in one variable came from squaring a deviation. The same move for two variables is to multiply
their deviations, (X — ux)(Y — uy). The product is positive when both values sit on the same side of their
means and negative when they sit on opposite sides, so its average is positive when the two tend to rise
together, negative when one rises as the other falls, and near 0 when the sides are unrelated. The variance is
the special case Y = X. Multiplying also gives the result a unit, dollars times orders, and a size that depends
on the scale of both variables, so a covariance of 0.10 means nothing on its own. Dividing by the two
standard deviations removes both scales: that is the correlation, a pure number between —1 and 1.
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Definition 1.12 (Covariance and correlation)

For random variables X and Y with means uyx and uy, the covariance measures how they move together:

Cov(X,Y) = E[(X — ux)(Y — py)]

We write oyy = Cov(X, Y). The correlation oyy/(oxoy), with ox and oy the standard deviations, rescales it to
lie between —1 and 1.

Example 1.13 (Opens and purchases in an email campaign)

For a user who received a campaign email, let O = 1 if they opened it and B = 1 if they bought. Half the
users neither open nor buy, 30% open without buying, and 20% open and buy; nobody buys without opening.
So pp = 0.5 and up = 0.2 (the means of O and B).

O B probability (O —0.5)(B—0.2)

0 0 0.5 (—0.5)(—0.2) = 0.10
1 003 (0.5)(—0.2) = —0.10
1102 (0.5)(0.8) = 0.40

oo = 0.10 X 0.5—0.10 X 0.3 + 0.40 X 0.2 (definition of the covariance)
= 0.05—-0.03 + 0.08 = 0.10 (multiply and add)

With 0p = 0.5 and o = 0.4 (the square roots of the 0/1 variances 0.5 X 0.5 and 0.2 X 0.8 of Example 1.9), the
correlation is 0.10 / (0.5 x 0.4) = 0.5. Openers buy more often, and the covariance is positive.

Example 1.14 (Zero correlation is not "unrelated")

Let X be —1, 0 or 1 with probability 1/3 each,and Y = X 2 s0Yis completely determined by X. Here uy = 0
and uy = 2/3.

Cov(X,Y) = [E[X (Y =2/ 3)] (definition of the covariance, ux = 0)
= %((—1)(1 - %) +0+ (1)1 - %)) (the three equally likely values)
=0 (the two outer terms cancel)

Covariance and correlation measure only the straight-line part of a relationship, and a symmetric U shape
has none, however strong it is. Nor does a positive correlation say which quantity drives the other: in the
email example, people who already intend to buy may simply open more email. Chapter 4 shows how

randomization separates cause from association.

Definition 1.15 (Independence)

X and Y are independent when knowing the value of one does not change the distribution of the other. For
independent variables the expectation of a product is the product of expectations: E[XY] = E[X] E[Y].

Example 1.16 (Two visitors, and an open and a purchase)

Two different visitors each buy with probability 0.1, independently. The chance that both buy is
0.1 X 0.1 =0.01, and indeed E[X;X;] = 0.01 = E[X; ]| E[X>]. In the email example, opening and buying are
not independent: E[OB] = P(O = 1,B = 1) = 0.2, while E[O] E[B] = 0.5 X 0.2 = 0.1.
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Proposition 1.17 (Variance of a sum)

For any random variables X and Y:

Var(X +Y) = Var(X) + Var(Y) + 2 Cov(X, Y)

If X and Y are independent, Cov(X,Y) = 0 and the variances add.

Proof.
Write X = X — ux and Y = Y — uy, the deviations from px and uy (the means of X and Y).

Var(X +Y) = [E[(f( + 17)2] (the mean of X + Y is ux + uy, by linearity)
= [E[X 24 2XY +Y? ] (expand the square)
= E[X?] + 2E[XY] + E[Y?] (linearity)

= Var(X) + 2Cov(X,Y) + Var(Y) (definitions of variance and covariance)

For independent variables:

Cov(X,Y) = E[XY] (definition of the covariance)
= E[X]E[Y] (independence)
=0 (E[X] = E[X] — pux = 0)

Example 1.18 (Actions per email user)

Count the actions of a user in Example 1.13 as O + B: an open plus a purchase. With Var(O) = 0.25,
Var(B) = 0.16 and opp = 0.10 (the covariance of O and B):

Var(O + B) = 0.25 + 0.16 + 2 X 0.10 = 0.61

Directly: O + Bis 0, 1 or 2 with probabilities 0.5, 0.3 and 0.2, so its mean is 0.3 + 0.4 = 0.7, E[(O + B)?] is
0.3 + 4 x 0.2 = 1.1, and the shortcut gives 1.1 — 0.49 = 0.61. Ignoring the covariance would give 0.41, a third
too small.

Samples and estimators

The idea

The distribution of a user’s value is unknown; what you have is a sample, the users you actually observed.
An estimator turns the sample into a guess, such as the average revenue of the users in the test. Run the
experiment again with new users and the guess comes out a little different. The standard error measures
how much it would wobble from run to run.

Definition 1.19 (Sample, estimator, bias, consistency)

A sample X, ..., X, is n independent draws from the same distribution; such variables are called independent
and identically distributed, abbreviated i.i.d. An estimator is a function of the sample that is meant to
approximate an unknown quantity 6; a hat marks the estimator, 6. Its bias is E[8] — 6; it is unbiased if the bias

is 0, and consistent if 8 approaches 6 as n grows.
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Example 1.20 (Two signups, two estimators)

A signup form converts with probability p = 0.2, and two visitors arrive. The observed rate p (signups
divided by 2) is 0, 0.5 or 1, with probabilities 0.8 X 0.8 = 0.64, 2 X 0.2 X 0.8 = 0.32 and 0.2 X 0.2 = 0.04.

E[p] = 0 X 0.64 + 0.5 X 0.32 + 1 X 0.04 = 0.2

so P is unbiased. A “smoothed” rate, (signups + 1)/(2 + 2), takes the values 0.25, 0.5 and 0.75 with the same
probabilities, so its expectation is 0.16 + 0.16 + 0.03 = 0.35: a bias of 0.15.

Why the error shrinks like vn and not like n

Average two users whose spends have the same variance ¢2. If both happen to err in the same direction, the
average errs as much as one user does; if they err in opposite directions, the errors cancel. Independence
makes neither case the rule, so a user’s error neither survives whole nor vanishes in the average: by
Proposition 1.17 the variance of the sum is 202, and dividing the sum by 2 divides the variance by 4
(Proposition 1.5), which leaves ¢%/2. Each further independent user divides the variance of the average by
the next integer. The standard deviation, the thing in the data’s unit, falls only as the square root of that: four
times the users halve the error, and a hundred times the users divide it by ten. That is the arithmetic behind
every sample-size question in Chapter 8, and it is why more data is expensive.

Proposition 1.21 (The sample mean)

Let X1, ..., X, be i.i.d. with mean u = E[X;] and variance ¢ = Var(X;). The sample mean
X = (X1 + --- + X,;)/n (a bar marks a sample mean) satisfies

E[X] = (E[X1] + - + E[X4])/n  (linearity)

=nu/n=u (E[Xi] =)
Var(X) = Var(X; + --- + X,,)/n? (Proposition 1.5 with a = 1/n)
= (Var(Xl) + -+ Var(Xn))/ n? (independent, so variances add: Proposition 1.17)
=no?/n® = d*/n (Var(X;) = 0?)

Example 1.22 (The average of 100 pricing-page visitors)

For the spend of Example 1.4, u = 9 and o2 = 129 (the mean and the variance of one user’s value). The
average of 100 visitors has mean 9 and variance 129 / 100 = 1.29, so its standard deviation is \/ 1.29=1.14
dollars: ten times smaller than one visitor’s 11.4.
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Definition 1.23 (Standard error)

The standard error of an estimator, written SE, is its standard deviation. For the sample mean of n i.i.d.
observations with standard deviation o itis o/ \/ n, by Proposition 1.21, and since ¢ is unknown it is estimated
by

SE = —_

\/E

where s? is the sample variance:

§? =
n—1:¢4

LS - %)
i=1

and s is the sample standard deviation. For pairs (X;, ;) the sample covariance sxy is defined in the same
way, with (X; — X)(Y; — Y) in place of the square, and s%, s3 name the sample variances of X and Y.

Example 1.24 (Five users, by hand)
Revenue per user is 0, 0, 20, 0, 40. The mean is 60 / 5 = 12. The squared deviations from 12 are 144, 144, 64,
144 and 784, which add up to 1280, so

s* = 1280/4 = 320 (definition of the sample variance)
SE =+/320/5 =38 (SE = s/\/n)

For the same users as a 0/1 outcome (bought or not), the observed share of buyers is p = 2/5 = 0.4, and the
shortcut s> = n p(1 — p)/(n — 1) gives 5 X 0.4 X 0.6 / 4 = 0.3. The shortcut holds because, for 0/1 data,

Z(Xi —-p)’= ZXiZ — 2ﬁZXi +np®  (expand the square)
i i i

= np—2np* + np’ (X? =X;and Y, X; = np)
=np(1 — p) (collect terms)

and dividing by n — 1 gives s*.

Example 1.25 (Revenue and orders)

The same five users placed Y = (0,0, 1,0, 3) orders, so revenue and orders come in pairs (X;, Y;). Their
sample variances are s§( = 320 and s%, = 1.7 (the orders have mean 0.8 and squared deviations 0.64, 0.64,
0.04, 0.64, 4.84, summing to 6.8), and the sample covariance is sxy = 23 (products of deviations
(—12)(—0.8) X 3 + 8 X 0.2 + 28 X 2.2 = 92, divided by 4). The correlation is 23 / 23.3 = 0.986, where 23.3 is
the square root of 320 x 1.7: users with more orders spend more. For the sample variance of X + Y:

Skiy = Sx + 5% + 2sxy (Proposition 1.17, sample version)
=320+ 1.7 + 46 = 367.7 (substitute)

which matches the sample variance computed directly from the five sums. Without the covariance it would
be 321.7.
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Why n - 1: the sample mean sits too close to the data

The variance is the average squared distance from yu, the true mean. The sample does not contain y; it
contains X, computed from the same values, and X sits closer to the sample than y does: of all the centres ¢
you could measure deviations from, X is the one that makes Zi(Xi — c)2 smallest, as the figure below shows.
So the deviations from X are systematically a little too small. In the five-user sample above, if the true mean
were 16 rather than the sample’s 12, the squared deviations from 16 would add to 1360, not 1280. The
shortfall is not noise that averages out; it is always in the same direction, and on average it is exactly one
observation’s worth of spread, o%. Dividing by n — 1 instead of n puts it back. With n = 1 the formula gives
0/0 and refuses to answer, which is right: one value says nothing about spread.

2500
2250

2000

1750

n of 16: 1360

1500

Sum of squared deviations

1250 sample mean 12: 1280

1000
0 5 10 15 20 25 30

Centre c the deviations are measured from

The sum of squared deviations of the five values 0, 0, 20, 0, 40 as a function of the centre they are measured from. It is lowest, 1280, at
the sample mean 12. Whatever the true mean is, it is somewhere else on the curve, so the true squared deviations add up to more,
here 1360 at 16.

Proposition 1.26 (Why n - 1)
Let X1, ..., X, be i.i.d. with mean u and variance o2. The sample variance s? is unbiased: E[s*] = o%. Dividing
by n instead gives (n — 1)o*/n on average.

Proof.
Write X; — X = (X; — u) — (X — u), with X the sample mean and u the mean of one user’s value. Squaring and
summing over i

Z(Xi -X)? = Z(Xi —w)?=2(X —p) Z(Xi — ) +n(X — u)? (expand the square)
=2 (Xi— ) =2n(X = )’ + n(X — )’ (T — ) = n(X - )

= Z(Xi —w)?* —n(X — p)? (collect terms)
i

Take expectations, with o2 the variance of one user’s value:

1

[E[Z(Xi - )‘()2] = YE[(G - w?]| - nE[(X—p?]  (linearity)

= no? — nVar(X) (definition of the variance; E[X] = u)
=no’—n-o’/n (Proposition 1.21)
=(n—1)c? (collect terms)
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Dividing by n — 1 gives E[s?] = o%. The deviations are measured from X, which is fitted to the same data, and
that costs one observation’s worth of spread.

Example 1.27 (Two users, every possible sample)

A user’s value is 0 or 2 with probability ¥z each, so 4 = 1 and o = 1 (the mean and the variance of one user’s
value). With n = 2 there are four equally likely samples:

sample X >,(X;—X)? dividedbyn—1=1 dividedbyn =2
0

0,0 0 0 0
0,2 1 2 2 1
2,0 1 2 2 1
2,2 20 0 0

Averaged over the four samples, dividing by n — 1 gives (0 + 2 + 2 + 0)/4 = 1, the true variance; dividing by n
gives 0.5, half of it. A larger check: a population of ten users spends 0, 0, 0, 0, 0, 0, 0, 20, 40 and 100, so 1 = 16
and o? = 9440/10 = 944 (the squared deviations are 256 seven times, 16, 576 and 7056). In 200,000 simulated
samples of five users drawn with replacement, dividing by n averaged 758.3, close to the expected

(4/5) x 944 = 755.2, and dividing by n — 1 averaged 947.9, close to 944. At 1,000 users the bias of dividing by
n is only 1/1000, 0.1%.

In ABMeter, the standard error shown next to a metric that is a single per-user mean, such as a conversion rate or
revenue per user, is this s/y/n.

Exercises

1. A 0/1 outcome takes the values 1, 0, 0, 1. Compute X, s? and SE (the sample mean, the sample variance and
the standard error), and check s? with the Bernoulli shortcut.

2. For the revenue and orders of the example above, sy = 320, s3 = 1.7 and sxy = 23. Compute the sample
variance of X — Y without recomputing from the data.

3. A sample of 400 users has a standard error of $2 for mean revenue. How many users from the same
population give a standard error of $1?
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Chapter 2
Sampling distributions and the central limit
theorem

A sample mean is itself a random variable: run the experiment again with new users and you get a different
mean. This chapter describes how that mean is distributed. Two theorems do the work. The law of large numbers
says the mean settles at the true value. The central limit theorem says how it fluctuates on the way, and that the
fluctuations are approximately normal whatever the data look like.

The sampling distribution and the law of large numbers

The idea

Imagine re-running the same experiment many times, each time with fresh users, and writing down the
average each time. Those averages form a distribution of their own, the sampling distribution, and its spread
is the standard error. The law of large numbers says that with more users per run, the averages crowd ever
closer to the true mean.

Definition 2.1 (Sampling distribution)
The sampling distribution of an estimator is its distribution over repeated samples of the same size from the
same population. Its standard deviation is the standard error.

Example 2.2 (The sampling distribution of a signup rate)

A signup form converts with probability p = 0.2, and each run of the experiment sees two visitors. As in
Chapter 1, the observed rate p is 0, 0.5 or 1 with probabilities 0.64, 0.32 and 0.04: that list is its sampling
distribution, with mean 0.2.

E[p?] = 0.25 X 0.32 + 1 X 0.04 = 0.12 (definition of the expectation)
Var(p) = 0.12 — 0.2% = 0.08 (Proposition 1.7)
SE =V 0.08 = 0.283 (standard deviation of the sampling distribution)

which matches Proposition 1.21, with ¢ the standard deviation of one user’s value:
o 0.2x0.8
— =4/ —— =0.283
va V2

Theorem 2.3 (Law of large numbers)

Let X1, X5, ... be i.i.d. with mean y = E[X;] and finite variance o? = Var(X;), and let X, be the mean of the first
n of them. Then for every distance ¢ > 0, the probability that X,, is more than ¢ away from u goes to 0 as n
grows:

P(|Xn—,u|>£)—>0 asn — oo
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Proof.
X, has mean yu (the mean of one user’s value) and variance o%/n, with o2 the variance of one user’s value
(Proposition 1.21). By Chebyshev’s inequality (Proposition 1.10) applied to X,,, for every distance £ > 0:

O.2

P(|X,—u| >¢) < —
(%n =gl > ) < —
The right side does not depend on the data, and
o2
— >0 asn— o
ne2

so the probability on the left goes to 0 as well.

Example 2.4 (How loose the bound is)

Take o = 10 (the standard deviation of one user’s value) and ¢ = 1 (the allowed distance from the mean). The

bound ¢?/(ne?) = 100/n is 1 at n = 100, which says nothing, since every probability is at most 1; 0.01 at
n = 10,000; and 0.0001 at n = 1,000,000. The bound holds for every distribution, which makes it loose: the
central limit theorem of the next section gives far smaller probabilities for the same n, as Exercise 3 shows.

The bound is crude, but it shows the mechanism: the variance of the mean falls like 1/n. The chart follows the

running mean of three independent streams of skewed revenue data, where 90% of users spend nothing.

12
95% band —— stream 2

& 10 —— stream 1 —— stream 3
[}
=}
g 8
>
g
& 6
S
eT]
£ 4
C
c
&

2

0

10 100 1,000 10,000

Users observed, n

Running means of three independent streams of revenue per user. Each converges to the true mean y; the gray band is where the
central limit theorem of the next section expects 95% of means of n users.

Convergence in distribution and the central limit theorem

The idea
The law of large numbers says where X ends up, not what its error looks like on the way. Blow the error up
by \/ n, so that it stops shrinking, and draw its histogram over many re-runs. As n grows, that histogram

settles into one fixed shape, and the shape is always the same bell, the normal distribution, whatever a single

user’s values look like. “Converges in distribution” is the precise name for “the histogram settles”.
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Where the bell came from

In 1733 Abraham de Moivre needed the probability that a fair coin tossed n times lands heads between a and
b times, a question gamblers paid for. The exact answer is a sum of binomial terms, and for n in the
hundreds the factorials in each term were beyond hand calculation. He found that for large n the whole sum
is close to the area under one smooth curve, e "/ after centring and scaling, and a single curve can be
tabulated once and for all. Laplace and Gauss then met the same curve wherever many small independent
errors are added, first in astronomical measurements, and a century later in sums of anything with a finite
variance. The bell is not a fact about users or coins. It is what adding many independent contributions
produces, whatever each contribution looks like. In the formula below, the constant in front only makes the
total area 1, and the 202 in the exponent places the two points where the curve changes from convex to

concave exactly one standard deviation from the mean.

0.20
0.15
> 13 heads or more
% exact 0.132, curve 0.132
& 0.10
e
[a
0.05
0.00

0 5 10 15 20
Heads in 20 tosses

De Moivre's problem. Bars: the exact probabilities of each number of heads in 20 fair tosses. Curve: the normal density with the same
mean, 10, and standard deviation, /5 = 2.24. Its area between 12.5 and 20 is 0.132, against the exact 0.132 for 13 heads or more.

Definition 2.5 (Normal distribution)

The normal distribution N(u, o?) with mean u and variance o2 has the bell-shaped density

Puc(x) = ¢~

o\ 2rx
We write X ~ N(u,0?) for “X has this distribution”. N(0, 1) is the standard normal distribution, and its
distribution function is written ®(x) = P(Z < x) for Z ~ N(0,1). If X ~ N(u, 02), then (X — u)/c ~ N(0,1). The
quantile z, is the value with ®(z,) = g; for example z975 = 1.96, so a standard normal variable lies within
+1.96 with probability 95%.
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Example 2.6 (A high average on the pricing page)

Suppose the average spend X of 100 pricing-page visitors is normal with mean 9 and variance 1.29, as for the
spend of Chapter 1 (the central limit theorem below says this is approximately true). How likely is an average
above $11? With Z a standard normal variable and ® the standard normal distribution function,

®(1.76) = 0.9608:

. X-9 _11-9
P(X >11) = P( > ) (subtract the mean and divide by the sd on both sides)
vV 1.29 vV 1.29
= P(Z > 1.76) (Definition 2.5: the standardized variable is N(0, 1))
=1—®(1.76) (complement)
=1-0.9608 = 0.039 (table value)

Why compare probabilities and not values

The obvious meaning of “Z, converges to Z” is that the numbers get close. For the rescaled error that
meaning is useless: every re-run of the experiment produces a fresh error, unrelated to the last one, so the
values never settle. What settles is the histogram, and a histogram is the same information as the list of
probabilities P(Z,, < x) for every x. So the definition compares those probabilities and asks nothing of the
values themselves.

Definition 2.7 (Convergence in distribution)

A sequence of random variables Z;, Z,, ... converges in distribution to a random variable Z if

P(Z,<x)—>P(Z<x) asn— o

for every x at which the distribution function of Z is continuous. This is written

d
Ly — 7
and read aloud as “Z,, converges in distribution to Z”. When the limit is written as a distribution, as in the
central limit theorem below, it means a random variable with that distribution.

Example 2.8 (A finer and finer grid)
Let Z, be one of the values 1/n,2/n, ..., n/n, each with probability 1/n, and let U be uniform on [0, 1]:

P(U £ x) = x. At x = 0.3, P(Z,, < 0.3) counts the grid points at or below 0.3:
n grid points < 0.3 P(Z, <0.3)

4 1/4 0.25

10 1/10,2/10,3/10 0.30

100 1/100 to 30/100 0.30

value of Z,, approaches any value of U; only the histograms become alike.

In general P(Z,, < x) is |nx|/n (with |-| rounding down), which is within 1/n of x, so Z, 4, U.No single

The definition compares probabilities, not values. A normal distribution function is continuous everywhere, so
for a normal limit the condition holds at every x.
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Why multiply by vn

Consider what a theorem could say about X,, — u. Its variance is o%/n, so the error itself converges to 0, and a
limit of 0 has no shape to describe. Multiply by n instead and the variance becomes ng?, which blows up.
Between the two, exactly one magnification holds the variance fixed: multiplying by 4/n gives variance
n-c?/n = o* (Proposition 1.5). At that magnification the error neither shrinks nor grows, so its histogram
can settle into one shape, and the theorem can name it.

Theorem 2.9 (Central limit theorem)

Let X1, ..., X, be i.i.d. with mean u = E[X;] and finite variance c* = Var(X;) > 0, and let X,, be their mean.
Then

= d
V- (X = 1) — N(©,6%)
Equivalently, dividing by o (Definition 2.5), for every x,

P(M < x) - ®(x)

o/\/n

Example 2.10 (One bell, two sizes)

Revenue per user has standard deviation o = 10. With n = 100 users, c/\/ n=10/10=1,s0X —u is
approximately N(0, 1) and X lies within about +2 (precisely +1.96) of u (the mean of one user’s value) in 95%
of samples. With n = 10,000, o/4/n = 10/100 = 0.1 and the band is +2 X 0.1 = #0.2. In both cases the
rescaled error \/ n - (X — w) has approximately the same distribution, N(0, o) = N(0, 100).

A simulation checks this for skewed data: exponential revenue with mean and standard deviation 10, 20,000

samples per size.

n middle 95% of X — u 1.96 6/vn sdofvn- (X-p)
10 —5.25t0 7.06 6.20 10.01

100 —1.86 to 2.06 1.96 10.05

1,000 —0.61 to 0.64 0.62 10.06

10,000 —0.19 to 0.19 0.20 9.93

The middle 95% shrinks tenfold for every hundredfold increase in n (at n = 10 it is still lopsided, because the
data are skewed), while the standard deviation of the rescaled error stays at about 10.
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X-p Vn- (X-p)

” n=10
= n=100
n=1,000
2
-75 5.0 -25 0.0 2.5 5.0 7.5 10.0 =40 =20 0 20 40

Simulation, 20,000 samples per size. Left: the error of the sample mean for n =10, 100 and 1,000 collapses towards 0. Right: the same
errors multiplied by v/n settle into one bell, the normal distribution with standard deviation o = 10 (gray curve).

Remark 2.11 (Reading the theorem in words)

The error X,, — u, with u the mean of one user’s value, shrinks to 0 like 1/\/ n: its standard deviation is o/\/ n,
with o the standard deviation of one user’s value (Proposition 1.21). Multiplying by 1/n cancels the shrinking:

Var(\/z - (X, - ,u)) = nVar(X,) (Proposition 1.5 with a = \/n)
=n-o*/n (Proposition 1.21)

= g? (cancel n)

So the rescaled error neither shrinks nor grows; the theorem says it settles into a fixed bell, the normal
distribution with standard deviation ¢. Dividing back by y/n, which divides the variance by n (Proposition 1.5),
gives the practical reading: for large n, X, is approximately N(u, o%/n), and that is where the standard error
o/A/n comes from.

The theorem holds with the sample standard deviation s in place of ¢ (the standard deviation of one user’s value),
because s converges to o (Slutsky’s theorem; Wasserman 2004, Chapter 5). That version is the one used in
practice: (X — u)/SE, with SE = S/\/ n the standard error, is approximately standard normal for large n.

How large is large

The idea

The central limit theorem promises a bell eventually, but not by when. The answer depends on how lopsided
a single user’s values are. A symmetric metric looks normal after a few dozen users; revenue where most
users spend nothing and a few spend a lot needs thousands, because the rare big spenders keep tilting the

average.

Theorem 2.12 (Berry-Esseen bound)

Let Xi, ..., X, be i.i.d. with mean y, standard deviation o and p = [E[|Xl- - /,t|3] < o0. The error of the normal
approximation, measured as the largest gap over all x (sup,) between the two distribution functions, is at most

X — C
sup P("—’u <x)—<1>(x) < =P

x alAfln o3\/n

for a universal constant C below 0.5.

The Statistics of A/B Tests: The ABMeter Book - abmeter.ai - version 2026.10 18


https://abmeter.ai/

Example 2.13 (Berry-Esseen for a 10% conversion rate)

For a 0/1 outcome with p = 0.1, the mean is 0.1 and o = 0.3, the square root of 0.1 x 0.9 (the standard
deviation of one user’s value).

p=0.1x0.9°+09x0.1° (]X —0.1]is 0.9 or 0.1)
= 0.0729 4+ 0.0009 = 0.0738  (multiply and add)
% = 0.0738/0.027 = 2.73 (o® =0.3%
g

With C = 0.5 the bound is 0.5 x 2.73 / 4/n: 0.137 at n = 100 and 0.0137 at n = 10,000. At 100 users a
probability read off the normal curve could, in the worst case, be off by 14 points; at 10,000 users by at most
1.4.

Why the cube

The variance squares deviations, which erases their sign: a long tail to the right and a long tail to the left give
the same variance. To tell them apart the sign must survive, so the next odd power is used, (X — u)>. Large
deviations still dominate, as with the square, but the ones above the mean count as positive and the ones
below as negative, and a symmetric distribution comes out at 0. Dividing by o® removes the unit, so that
revenue in dollars and the same revenue in cents have the same skewness, and the skewness of different
metrics can be compared.

Definition 2.14 (Skewness)

For a random variable X with mean u and standard deviation o, the third central moment is E[(X — u)*], and
the skewness is y = E[(X — u)3]/c>. It is 0 for a symmetric distribution and positive when the distribution has
a long right tail. It has no unit, so rescaling X does not change it.

Example 2.15 (Skewness of a 0/1 outcome)

A Bernoulli variable X with P(X = 1) = p has mean p and variance o2 = p(1 — p).

E[(X - p)*]=p(Q-p)*+(A—-p)0-p)* (X =1with probability p, else 0)

= p(1 - p)|(1 - p)* — p?| (factor out p(1 — p))
= p(1 - p)(1 - 2p) (@-p)*-p*=1-2p)
= 02(1 - 2p) (0> = p(1 - p))

y =0*(1=2p)/a® = (1 -2p)/o (definition of the skewness)

The skewness is 0 at p = 0.5,0.8 / 0.3 = 2.67 at p = 0.1 and about 9.9 at p = 0.01. Rare events are as lopsided
as skewed revenue.

Proposition 2.16 (Skewness of the mean)

Let X3, ..., X, be i.i.d. with mean y, standard deviation o and skewness y, and let X,, be their mean. The
skewness of X, is y/A/n.

Proof.

LetS=X; +-+X,and X; = X; — U, S0 S —nu = X, + - + X,,. In the expansion of the cube, every cross term
contains some X; to the first power times factors independent of it:
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[E[(S —nu)? ] =, [E[Xf] (cross terms have expectation E[X|] - (...) = 0 by independence)

= nyo? (definition of the skewness: E[X] = yo*)

With Var(S) = no? (Proposition 1.17), the skewness of S is

E[(S—nw)?]  nyd’

(the two results above)

Var(S)3/2 - (no?)32

3
_ o 2N3/2 _ ,3/2 3
= g ((na )’ =n""c )
= (cancel no?)

ﬁ

X, = S/n has the same skewness: dividing by n divides the third central moment by n* and the standard

deviation by n (Proposition 1.5), so its cube also by n?.

Example 2.17 (Skewed revenue)

Take revenue per user in which 90% of users spend nothing and a buyer spends a lognormal amount (a

variable whose logarithm is normal, here with log-mean 3.5 and log-standard deviation 0.9, so a median

purchase of e>° = $33). Its exact mean is 0.1 X 35192 = 4.97; estimated from five million simulated users,

the mean is 4.95, the standard deviation o = 22.98 and the skewness y = 10.6. By the proposition, the mean
of 30 users still has skewness 10.6 / \/ 30 ~ 10.6 / 5.48 ~ 1.94, and the mean of 1,000 users has

10.6 / \/ 1000 =~ 10.6 / 31.6 ~ 0.34. A simulation of 20,000 samples of each size measures the spread, the
skewness, and how often the mean lands more than 1.96 standard errors above or below u; a normal

distribution would give 2.5% on each side.

n sd ofthe mean o/Vn skewness y/Vn above+1.96 SE below -1.96 SE

5 9.98
30 4.18

1,000 0.735

10.28 4.33 4.76 4.3% 0.0%
420 1.96 1.94 4.5% 0.0%

0.727 0.36 0.34 3.6% 1.4%

The spread matches O'/\/ n at every size, because Proposition 1.21 is exact. The shape converges slowly: at

n = 30 the mean almost never falls 1.96 standard errors below ¢ and does so above it 4.5% of the time.

Chapter 3 defines confidence intervals and shows what this does to them.

n=5

“ “|||||||III||II||
-20 0 20

n=30 n=1,000

59% of samples cyrve: normal
have exactly $0 with SE = o/vVn

(first bar cut)
““"l"“ln
0 10

40 -10 20 4 6 8

Mean revenue per user () Mean revenue per user () Mean revenue per user ()

Simulation, 20,000 samples per size: means of skewed revenue against the normal curve the central limit theorem predicts. At n =5
most samples contain no buyer; at n = 30 the distribution is still skewed; at n = 1,000 it is close to normal.
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In ABMeter, every test and interval of the next chapter rests on this theorem: the metric value of a group of users
is treated as approximately normal around its true value.

Exercises

1. One user’s revenue has o = 22.98 (the standard deviation of one user’s value). What is the standard error of
the mean of 100 users, and of 10,000 users?

2. One user’s revenue has skewness y = 10.6. What is the skewness of the mean of 30 users? How many users
are needed for the skewness of the mean to fall to 0.1?

3. Use the law of large numbers bound with o = 23 (the standard deviation of one user’s value), n = 10,000 and
€ = 1: at most how likely is the sample mean to be more than $1 from u (the mean of one user’s value)? What
does the central limit theorem give for the same probability?

4. Revenue per user has o = 20, so by the central limit theorem \/ n- (X — w) is approximately N(0, 400). For
n = 400, approximately how likely is X to be more than 2 away from u (use ®(2) = 0.9772)? How many users
are needed for the 95% band of X — u to be +0.5?
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Chapter 3

Hypothesis tests and confidence intervals

Two groups of users saw two versions of a page, and their conversion rates differ. A test asks whether a difference
that large is plausible when the versions do not matter; a confidence interval says which true differences are
consistent with the data. This chapter defines both precisely, builds the two-sample z-test, and shows that the test
and the interval are two views of one calculation.

Tests and p-values

Theidea

Picture a world in which the change did nothing, and the two groups differ only because different users
happened to land in each. The p-value says how surprising your result would be in that world: the chance of
a difference at least as large as the one you saw. A small p-value means “this would be rare if nothing had
changed”. It does not say how likely it is that nothing changed.

Why test the hypothesis you do not believe

You want to know whether the change helped. The trouble is that “it helped” is not one claim but a family: a
lift of 0.1 points, of 2 points, of 20. No single distribution of the data follows from it, so nothing can be
computed. “It did nothing” is one claim, and it pins down everything: the two groups are then samples from
the same population, and the difference of their averages has a known distribution centred at 0, with the
standard error of Chapter 1. Fisher’s move, in the 1920s, was to compute in the one world where
computation is possible and ask whether the data look ordinary there. If they do not, that world is doubted.
Nothing in the test ever says how likely the change is to have helped; it only grades the data against the
world with no effect.

Definition 3.1 (Hypotheses and test statistic)

The null hypothesis Hj is the claim to test against, usually “the true difference is 0”. The alternative H; is its
complement, here “the true difference is not 0”. A test statistic is a number computed from the data whose
distribution under Hy is known, at least approximately.

Example 3.2 (A new checkout button)

A team tests a new checkout button against the old one. Hy: both buttons convert at the same rate. H;: the
rates differ. The test statistic of the next section divides the difference of the two observed rates by its
standard error; under H, it is approximately standard normal, so its distribution is known without knowing
the conversion rate itself.
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Definition 3.3 (p-value)

The p-value is the probability, computed under H, (written Py, ), that the test statistic is at least as extreme as

the value observed. For a statistic Z that is standard normal under Hy and an observed value z, the two-sided p-

value is, with ® the standard normal distribution function,

p= PH0(|Z| > |Z|) (definition)
= PHO(Z > |Z|) + PHO(Z < —|z|) (the two tails)
= 2(1 — CI>(|Z|)) (the normal is symmetric, so each tail is 1 — ®(|z]))

Example 3.4 (An email subject line)

A new subject line gives a test statistic z = 2.1. With ®(2.1) = 0.9821:

p= 2(1 - CI>(2.1)) (two-sided p-value)
=2x0.0179 = 0.036 (table value)

If the subject line made no difference, a statistic at least this far from 0 would turn up in about 3.6% of
experiments.

Example 3.5 (What p = 0.04 does not mean)

A team runs 1,000 experiments in a year. Suppose 100 of the changes really work, and the test detects a
working change 80% of the time; the other 900 do nothing, and each of those still gives p < 0.05 with
probability 0.05.

significant and real = 100 X 0.80 = 80 (detected working changes)
significant and null = 900 X 0.05 = 45 (false positives)
share of significant results that are null = 45/(80 + 45) = 0.36 (of 125 significant results)

Every one of the 45 false positives had p < 0.05, yet more than a third of the “wins” did nothing. A p-value is
computed in the world where Hj, is true; it is not the probability that Hj is true, which depends on how many

tested changes work at all.

Remark 3.6 (What a p-value is not)
. Itis not the probability that Hj, is true. That would need a prior probability for H,, which the test does not
use.
. Itis not the probability that the result is a fluke, for the same reason.
. 1— pisnot the probability that the treatment works.
. It is not a measure of effect size: a tiny effect gives a tiny p-value when n is large.

. A large p-value does not show that Hj, is true. It shows that the data cannot tell.

Definition 3.7 (Significance level, errors and power)

A test at level a rejects Hy when p < «; the usual choice is a = 0.05. A type I error is rejecting a true Hy (a

false positive). A type II error is not rejecting a false Hy (a false negative). The power of a test is the probability

of rejecting H, when a given alternative is true, 1 — 8, where g is the type II error rate.
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Example 3.8 (The year of experiments, by error type)

In the previous example the level is @ = 0.05 (the test level), so 45 of the 900 null changes are type I errors.
The power against the working changes is 0.80, so 8 = 0.20 (the type II error rate) and 20 of the 100 working
changes are missed: type II errors.

Proposition 3.9 (p-values are uniform under the null)

If the test statistic has a continuous distribution under Hy, then the p-value is uniformly distributed on [0, 1]
under Hy: every subinterval of [0, 1] has probability equal to its length. In particular Py, (p < o) = a: a level-a
test makes a type I error with probability a.

Proof.
Let F be the distribution function of |Z| under Hy, so p = 1 — F(|Z]), and let F be continuous. For u in [0, 1]:

PHO(F(|Z|) < u) = PHO(|Z| < F"l(u)) (F is increasing)

=F (F _1(u)) (definition of F)
=u (F is continuous)
So F(|Z|) is uniform on [0, 1] (the probability integral transform), and so is p = 1 — F(|Z|).
[ |
Example 3.10 (A/A and A/B simulations)
An A/A test shows both groups the same version, so Hy is true; an A/B test shows them different versions.
In 2,000 simulated A/A experiments, each with 2,000 users per group converting at 10%, 4.3% gave p < 0.05
(expected 5%, with standard error 0.5 points over 2,000 experiments, the square root of 0.05 X 0.95 / 2000),
and each tenth of [0, 1] received between 8% and 12% of the p-values (expected 10% each, standard error 0.7
points). In 2,000 A/B experiments with the treatment converting at 12%, 52.3% gave p < 0.05 and 64% of the
p-values fell below 0.1. The 52.3% is the power of this design; the power formula of Chapter 8 gives 52.5% for
it, from a standard error of 0.0099, the square root of (0.09 + 0.1056) / 2000, and an effect of
0.02 / 0.0099 = 2.02 standard errors.
A/A: 10% vs 10% (no effect) A/B: 10% vs 12% (real effect)
92 04 p <0.05to the
e left of the line
kS
o
202
(%]
T B .
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0

p-value p-value

Simulation, 2,000 experiments each. Without an effect, p-values spread evenly over [0, 1], so 5% fall below 0.05 by chance. With an
effect they pile up near 0; here only about half fall below 0.05, because 2,000 users per group is too few for a 2-point difference.

The A/A share agrees with 5% within its sampling error, and the A/B share is the power of this design against a 2-
point effect: only about half of such experiments find it.
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The two-sample z-test

The idea

The two groups’ averages always differ a little, even when the change does nothing. The z-statistic measures
the observed difference in units of its own noise: how many standard errors apart the two averages are. Two
or more standard errors apart is unusual when nothing changed.

Proposition 3.11 (Variance of a difference of means)

Let a treatment group T and a control group C be independent i.i.d. samples of sizes nr and nc, with per-user
variances 0% and o and sample means X7 and Xc. Then

¢

2

_ _ or
Var(XT —Xc> =—+
nr nce

Proof.

Var(Xr — X¢) = Var(Xr) + Var(=X¢) + 2Cov(Xr,—Xc)  (Proposition 1.17)

= Var(Xr) + Var(X¢) + 2 Cov(Xr, —X¢) (Proposition 1.5 with a = —1)
= Var(Xt) + Var(X¢) (independent groups: covariance 0)
=o%/ny + o&/nc (Proposition 1.21 in each group)

Example 3.12 (Noise in a signup test)

A signup form converts at 10% in control and 12% in treatment, with 1,000 users in each group. The 0/1
variances are 0.1 X 0.9 = 0.09 and 0.12 X 0.88 = 0.1056.

Var(Xr — X¢) = 0.1056/1000 + 0.09/1000 (the proposition)
= 0.0001956 (add)

its standard deviation = 1/ 0.0001956 = 0.014 (square root)

The true difference, 0.02, is only 1.4 times the noise of the observed difference, so this design will often miss
it.

Replacing each per-user variance by its sample estimate gives the standard error of the difference.

Why divide by the standard error

A difference of $2 in revenue per user and a difference of 2 points in conversion cannot be compared, and
neither can a $2 difference over 50 users and one over 50,000. Dividing a difference by its own standard error
converts it into a unit that every metric and every sample size share: how many standard errors of noise it
spans. Under Hj the result is approximately standard normal by the central limit theorem, so one table
serves every test, and 1.96 means the same thing for a conversion rate as for revenue. The z-statistic is the

difference, read in units of its own noise.
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Definition 3.13 (Two-sample z-test with unequal variances)

With the groups’ sample variances s and sZ, write SE? = s2./nr and SEZ = s2/nc. The test statistic for Ho: no
difference is
Xr—Xc

\/ SE% + SEZ

The denominator is the standard error of the difference: the square root of the variance in the proposition
above, with each o2 replaced by s2. By the central limit theorem z is approximately standard normal under H,

Z =

when both groups are large.

Example 3.14 (Ten users per group, by hand)

Control: 2 of 10 users converted, so the observed rate is pc = 0.2. Treatment: 5 of 10, pr = 0.5. With n = 10

USErS per group:

S = 19—0 X 0.2x0.8=0.17778 (0/1 shortcut s* = n p(1 — p)/(n — 1))
SEZ = 0.17778/10 = 0.017778 (SE? = s?/n)
G = 19—0 X 0.5%0.5=0.27778 (0/1 shortcut)
SE2 = 0.27778/10 = 0.027778 (SE? = s%/n)
SE = 1/0.017778 + 0.027778 = 0.21344 (standard error of the difference)
z = (0.5 — 0.2)/0.21344 = 1.4056 (definition of z)
p = 2(1 — (1.4056)) = 0.1599 (two-sided p-value)

A difference of 30 points is not significant with 10 users per group. The same rates with more users:

n=100: SE= \/ 199 (0.16 + 0.25)/100 = 0.0644  (0/1 shortcut in each group, SE* = s°/n)

z = 0.3/0.0644 = 4.66 (definition of z)

p= 2(1 — @(4.66)) =31x10"° (two-sided p-value)
n=1000: SE= \/ 100 (0.41)/1000 = 0.0203 (as above)

z =0.3/0.0203 = 14.81 (definition of z)

The effect stays the same; the standard error shrinks like 1/ \/ n. At z = 14.81 a computer prints the p-value as
0.0: once z exceeds about 8.3, 1 — ®(z) is below 5 X 10~'7 and ®(z) rounds to 1 in double precision.
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-1.96 1.96

observed z=1.41

/ each shaded tail: 0.080
both together: p=0.16

-4 -3 -2 -1 0 1

N
w
N

z, in standard errors from zero difference

The standard normal density: the distribution of z if the two versions do not differ. The observed z=1.41 leaves 0.080 in each tail, so p
=0.16. A level-0.05 test rejects when z falls outside +1.96.

Remark 3.15 (Relatives of the z-test)

. Welch’s t-test uses the same statistic and compares it with a t-distribution, a bell with heavier tails than the
normal, whose shape parameter, the degrees of freedom, is estimated from the data. For large groups the t-
distribution is the normal one.

« Student’s t-test and the pooled two-proportion test assume both groups have the same variance and
estimate it from both together. They agree with the unequal-variance test when the groups are alike and
differ when sizes and variances differ.

With 3,000 control users (300 buyers, rate 0.10) and 1,000 treatment users (125 buyers, rate 0.125):

w000 0-1X0.9 00 0.125x% 0.875

SE? = 3% 000 T o 000 = 0.0001395  (0/1 shortcut in each group)
z = 0.025/4/0.0001395 = 2.12 (definition of z; p = 0.034)
p = 425/4000 = 0.10625 (pooled rate of both groups)
0.025 .
Zpooled = =2.22 (pooled variance; p = 0.026)

1/0.10625 x 0.89375 (1/3000 + 1/1000)

The pooled test gives the smaller group the larger group’s variance, which is too small here. With 10 users per
group (2 against 5 buyers) the normal tail gives p = 0.160 (Example 3.14), while a t-table with the 17.2 degrees
of freedom that Welch’s formula assigns to these two samples gives 0.178: the z-test is optimistic in small
samples because it ignores the uncertainty in s* (the sample variance).

Confidence intervals

Theidea

A confidence interval is the range of true differences that the data cannot rule out. The 95% is a property of
the procedure, not of one interval: if you re-ran the experiment many times and built the interval each time,
about 95 of every 100 intervals would contain the true difference. Any single interval either contains it or
does not.
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Why an interval, and why 1.96

A test answers one question: whether 0 is plausible. The same calculation can be run for any other
candidate: a true difference d is plausible when the observed difference lies within 1.96 standard errors of it.
Collecting every plausible d gives an interval, and because the condition is symmetric, that interval is the
estimate plus or minus 1.96 standard errors. The 1.96 is the width that leaves 2.5% in each tail of the normal
curve and 95% in the middle; a 90% interval uses 1.645 and a 99% interval 2.576. Neyman proposed the
construction in 1937 because a p-value alone says nothing about how large the effect could be.

If the versions did not differ: ordinary observed differences

observed 0.3

|
I @
-0.42 +0.42

True differences the data cannot rule out: the 95% interval

Zero

|
i I
-0.12 +0.72
-0.50 -0.25 0.00 0.25 0.50 0.75
Difference in conversion rate, treatment — control
The ten-user test of Example 3.14 on two number lines. Top: the differences that would be ordinary if the versions did not differ, a
band of +1.96 SE around 0, with the observed 0.3 inside it. Bottom: the true differences the data cannot rule out, the same band

moved to sit around 0.3, with 0 inside it. The two bands have the same width, so one contains the observed difference exactly when
the other contains 0.

Definition 3.16 (Confidence interval and coverage)

A 95% confidence interval for an unknown quantity € is an interval computed from the data that contains 6
with probability 0.95 over repeated samples. That probability is its coverage. For the difference of means the
normal approximation gives, with SE the standard error of the difference and 1.96 = z( 975 (the standard
normal quantile),

()‘(T — Xc) +1.96SE

Example 3.17 (The ten-user interval)
In Example 3.14 the observed difference is 0.3 and SE = 0.21344 (the standard error of the difference).

1.96 x 0.21344 = 0.4183 (half-width)
0.3 +0.4183 = [—0.118, 0.718] (the interval)

Example 3.18 (What the interval does not say)

The interval [-0.118, 0.718] contains 0, and it is tempting to read “no effect”. It also contains 0.7, a 70-point
lift. The data are consistent with no effect and with a huge one; they cannot tell the two apart. Nor is there a
95% probability that the true difference lies in [—0.118, 0.718]: the true difference is a fixed number, and this
interval either contains it or does not. The 95% describes how often the procedure succeeds across re-runs.

Proposition 3.19 (Duality of tests and intervals)

The 95% interval for the difference excludes 0 if and only if the two-sided z-test rejects at level 0.05.
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Proof.

0¢ (X'T - Xc) +1.96SE < |X7 — Xc| > 1.96 SE (0 lies outside the interval)
<= |z| > 1.96 (divide by SE > 0)
= 2(1 - CI>(|z|)) < 2(1 — <I>(1.96)) (® is increasing)
— p<0.05 (2(1 — ©(1.96)) = 0.05)

Example 3.20 (Ten and a hundred users)

With 10 users per group the interval [—0.118, 0.718] contains 0 and p = 0.16 (the p-value) is above 0.05. With
100 users per group and the same rates, SE = 0.0644 from the z-test example, so the interval is

0.3 & 1.96 X 0.0644 = [0.174, 0.426], which excludes 0, and p = 3.1 X 10~ is below 0.05. The two verdicts
always agree.

Example 3.21 (How fast coverage reaches 95%)

The interval mean + 1.96 SE relies on the central limit theorem, so its real coverage at small 7 is below 95%.
A simulation of 20,000 samples of each size, for a 10% conversion rate and for the skewed revenue of Chapter
2, counts how often the interval contains the true mean:

users 10% conversion skewed revenue

5 39.2% 38.9%
30 81.0% 74.7%
100  93.0% 85.8%
1,000 95.2% 93.3%
3,000 95.0% 94.5%

A “95%” interval from 30 users is really an 81% interval for a 10% conversion and a 75% interval for skewed
revenue, and the matching p-values are too small. The common rule of “30 is enough” holds only for nearly
symmetric data. At five users many samples contain no conversion at all; their standard error is 0 and the
interval cannot contain the truth.

100% 95% target

° ° o/:__
90% . — —

/
~

80% |

()
70% ®

60%

50% = conversion, 10%

Intervals that contain the true mean
\‘

40% ° n=30 revenue per user (90% zeros, skewed)

5 10 30 100 300 1,000 3,000
Users per group

Simulation, 20,000 samples per size: real coverage of the nominal 95% interval. At 30 users per group it is 81% for a 10% conversion
rate and 75% for skewed revenue; skewed revenue needs about 1,000 users to come close to 95%.
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In ABMeter, the p-value and the absolute confidence interval of each treatment group are this z-test and this
interval, computed against the control group.

Exercises

1. Control converts 100 of 1,000 users and the treatment 125 of 1,000. Compute the standard error of the
difference, z (the test statistic), the two-sided p-value (use ®(1.77) = 0.9616) and the 95% interval. Is the
difference significant at level 0.05?

2. A test gives p = 0.03. Which of these statements are true? (a) The probability that Hy is true is 3%. (b) If Hy
were true, a statistic at least this extreme would occur with probability 0.03. (c) The 95% interval for the
difference excludes 0. (d) The effect is large.

3. You run 20 independent A/A tests at level 0.05. What is the probability that at least one of them is significant?
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Chapter 4

Randomized experiments

The z-test of Chapter 3 says whether two groups differ by more than chance. It does not say why. This chapter
shows why random assignment lets you read the difference as the effect of the treatment, using the potential-
outcomes model, and how a hash function provides random assignment that is repeatable for each user.

Potential outcomes

Theidea

Think of every user as carrying two answers: what they would do with the old version and what they would
do with the new one. You only ever see one of the two. If a coin decides who gets which version, the treated
users are a fair sample of everyone, and so are the control users, so the two group averages estimate the
averages of the two answers over all users.

Seeing and doing

Two questions sound alike and are not. “Among the users who chose the new checkout, how many bought?”
observes a group that chose itself. “If we gave a user the new checkout, how many would buy?” asks what
the checkout does. Pearl (2009) writes the first as P(purchase | checkout), seeing, and the second as
P(purchase | do(checkout)), doing, and this chapter is about the gap between them. In the diagram, user
type points at both the choice of checkout and the purchase: heavy users opt in more and buy more. A
comparison of opt-ins with the rest therefore picks up the type’s effect along with the checkout’s, through the
route that runs back through type. A coin flip removes the arrow from type into the choice, since the coin
does not know the user’s type, and the only route left from the group to the purchase is the checkout itself.
That is what “do” means in practice, and it is why the rest of the chapter can treat the difference of two
group averages as the effect. Everything below is written in the language of potential outcomes, which gives
the same answer for a randomized test and carries the standard error with it.

Users choose the checkout A coin chooses the checkout

cut by the coin ’/
,/
y 3
new checkout? »| purchase new checkout? »|  purchase

two routes from the choice to the purchase one route: the checkout itself

Left: when users choose, user type drives both the choice and the purchase, so the choice and the purchase are linked by two routes,
and a comparison of the two groups mixes them. Right: a coin decides the group, which cuts the arrow from type into the choice; the
one route left is the checkout's own effect.
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Definition 4.1 (Potential outcomes and the average treatment effect)

Each user i has two potential outcomes: Y;(1), the outcome if treated, and Y;(0), the outcome if not. The
individual effect is Y;(1) — Y;(0), and the average treatment effect (ATE) over n users is

n

1
ATE = — (Y1) - Yi(0))

i=1

Example 4.2 (Six users and a new checkout)

Six users would make these numbers of purchases without and with a new checkout:

User 1 2 3 4 5 6
Y (0) 01 0201

i) 110311

The individual effects Y;(1) — Y;(0) are 1, 0, 0, 1, 1, 0, so the ATE (the average treatment effect) is 3/6 = 0.5. In
a real test each user shows only one of the two rows.

Only one of the two outcomes is ever observed for a user: the one for the version the user saw. The individual
effect is never observed. The average can still be estimated, if the choice of who is treated is random.

Proposition 4.3 (Randomization gives an unbiased estimate)

Assign nr of the n users to treatment completely at random, every subset of size ny being equally likely, and
the rest to control. Let Y7 be the mean of Y;(1) over the treated users and Y¢ the mean of Y;(0) over the control
users, the outcomes actually observed. Then the difference of group means is unbiased for the ATE:

[E[YT - YC] = ATE

Proof.
Let T; = 1if user i is treated and 0 otherwise, so that Y = >, Ti Yi(1)/ny. Each user is treated with probability
nr/n, so E[T;] = ny/n. Only the assignment T; is random; the potential outcomes are fixed numbers.

E[¥7r] = L E[T;]Yi(1)  (linearity)
nr i3
_lsgnry, 1o
=0 2 Yi(1) (E[T;] = nr/n)

(cancel nr)

Il
S|~
"

M=
=
=

—
p——a

In the same way E[Y(] is the average of all Y;(0), so

E[Vr - Yc| = Yi(1) - — Z Yi(0) (linearity)

Il
S|~ S|+

- 1

(Y(l) —Yi(0)) = ATE  (definition of the ATE)

Il
—

The only randomness here is the assignment. Users and their potential outcomes are fixed; the proof needs no

model for how users behave.
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Example 4.4 (Every assignment of the six users)

Treat 3 of the users of Example 4.2. There are (6 X 5 X 4)/(3 X 2 X 1) = 20 ways to choose them. Treating
users 1, 2 and 3 reveals their Y;(1) and the Y;(0) of users 4, 5 and 6:

Yr=>01+1+0)/3=2/3 (treated users 1, 2, 3 show Y;(1))
Ye=(2+0+1)/3=1 (control users 4, 5, 6 show Y;(0))
Yr—Ye=-1/3 (subtract)

One assignment can be far off. The lowest estimate treats users 1, 3 and 5, whose Y;(1) are 1, 0, 1, and leaves
users 2, 4 and 6, whose Y;(0) are 1, 2, 1, in control: 2/3 — 4/3 = —2/3. The highest does the opposite, treating
users 2,4 and 6 (Y;(1) = 1, 3, 1) against control users 1, 3 and 5 (Y;(0) =0, 0, 0): 5/3 — 0 = 5/3. Averaged over
all 20 assignments the estimate is exactly 0.5, the ATE.

When users choose their own version, the proof fails: the probability of being treated depends on the user, and if
it is related to Y;(0) the estimate is biased. This is selection bias.

Example 4.5 (A new checkout that users can choose)

A site has 20,000 users, of whom 30% are heavy users: 6,000 heavy and 14,000 light. A heavy user buys with
probability 0.30, a light user with probability 0.05. A new checkout raises both probabilities by 0.02, to 0.32
and 0.07, so the true effect is +0.020 for everyone and the ATE (the average treatment effect) is +0.020. All
probabilities below are written as fractions. The simulation draws each user’s type, choice and purchase at
random with these probabilities; the figures marked “simulated” are one such draw of the 20,000 users.

Naive: compare users who chose the new checkout with those who did not

Suppose users choose: “opting in” means choosing the new checkout, and 70% of heavy users opt in but only
20% of light users. The expected group sizes are

treated = 0.70 X 6000 + 0.20 X 14000 = 4200 + 2800 = 7000 (heavy plus light opt-ins)
untreated = 1800 + 11200 = 13000 (the rest)

so the treated group is 60% heavy (4200 of 7000) and the untreated group is 14% heavy (1800 of 13000). Each
group’s purchase rate is a weighted average of the two types’ rates:

treated rate = (4200 x 0.32 + 2800 x 0.07)/7000 = 0.220 (new-checkout rates)
untreated rate = (1800 X 0.30 + 11200 X 0.05)/13000 = 0.0846 (old-checkout rates)
difference = 0.220 — 0.0846 = 0.135 (expected naive estimate)

Suppose for a moment that the new checkout did nothing, so that everyone buys at the old-checkout rates of
0.30 and 0.05. The treated group is still 60% heavy and 40% light, so its rate would be

0.60 X 0.30 + 0.40 X 0.05 = 0.200, while the untreated group, which already buys at the old rates, stays at
0.0846. The gap of 0.200 — 0.0846 = 0.115 therefore comes from composition alone: the treated group simply
contains more heavy users. The true effect adds the remaining 0.220 — 0.200 = 0.020. In the simulated draw,
4,175 heavy and 2,790 light users opted in, with purchase rate 0.2263, against 0.0822 for the 1,830 heavy and
11,205 light users who did not, so the estimate is 0.2263 — 0.0822 = +0.144, seven times the true +0.020. Its
standard error, by the formula of Chapter 3 with the 0/1 variance p(1 — p) in each group, is

= 0.0056

SE — \/ 0.2263 X 0.7737 R 0.0822 X 0.9178
B 6965 13035

so the 95% interval is 0.144 + 1.96 x 0.0056 = [+0.133, +0.155]: narrow, and nowhere near the truth.
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Correct: assign at random

A coin flip gives every user probability %2 of the new checkout, whatever their type. The realised share of
heavy users in treatment is a random variable: with 6,000 heavy users its standard deviation is about 0.0065,
the square root of 0.25 / 6000, so the simulated 50.7% (3,046 of 6,005) is an ordinary draw, about one
standard deviation above V2; 50.2% of light users (7,032 of 13,995) landed in treatment. Randomization
balances the groups approximately, not exactly, and the standard error accounts for the remainder. The
expected rates are

treated rate = 0.30 X 0.32 + 0.70 X 0.07 = 0.145 (both types in their population shares)
untreated rate = 0.30 X 0.30 + 0.70 X 0.05 = 0.125 (the same shares, old checkout)
difference = 0.145 — 0.125 = 0.020 (the true effect)

The simulated groups have 10,078 and 9,922 users, with purchase rates 0.1467 and 0.1228, so the estimate is
0.1467 — 0.1228 = +0.024, and

0.1467 X 0.8533 ~ 0.1228 X 0.8772
SE = \/ = 0.0048

+
10078 9922
gives the 95% interval 0.024 + 1.96 X 0.0048 = [+0.014, +0.033], which contains +0.020.

true effect +0.020
Users chose the new checkout _0 +0.144
Random 50/50 assignment — Q= +(0.024
0.000 0.025 0.050 0.075 0.100 0.125 0.150 0.175

Estimated effect on purchase probability (95% interval)

Simulation, one draw of 20,000 users with the probabilities of the example. The same users and the same true effect (+0.020): opt-in
mixes the effect with who opted in; random assignment recovers it within its 95% interval.

Assignment by hashing

The idea

An online test needs a coin that gives each user the same side every time they come back, on every server,
without storing a table. A hash function is such a coin: it scrambles the user id into a number that looks
random across users but is always the same for the same user. Cutting the range of that number into 100
equal slices gives each user a fixed bucket.

Definition 4.6 (Hash bucket)

Let h be a cryptographic hash function such as SHA-256, and let a salt s be a fixed string chosen for one use of
the hash. Let num(s, u) be the first 64 bits of h applied to the string “salt:user” for user id u, read as an integer
in [0, 2%%). With | x| the floor of x (the largest integer at most x), the bucket of u under s is

100 - num(s, u)
v +1

b(s,u) = [ >

A group is a range of buckets: with a 50/50 split, buckets 1 to 50 are control and 51 to 100 are treatment.
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Example 4.7 (One user's bucket)

Suppose the hash of “pricing-test:u42” gives num/2% = 0.3721, so the number sits 37.21% of the way
through its range.

b =100 x 0.3721] + 1 (definition of the bucket)
=|[37.21| +1 =38 (round down, add 1)

Bucket 38 is in 1 to 50, so user u42 sees the control version, today and on every later visit. Computers
evaluate the floor as (num X 100) shifted right by 64 bits, which needs no division; Lemire (2018) analyses
this multiply-and-shift mapping.

Proposition 4.8 (Buckets are uniform)

If num(s, u) were uniform on [0, 2%4), each bucket would receive either [2%4/100] or [2%4/100] of the possible
values, where [x] is the ceiling (the smallest integer at least X), so every bucket has probability within 2764 of
1/100.

Proof.

Bucket k receives the integers x with (k — 1) 264/100 < x < k 2%4/100, a half-open interval of length 2%4/100.
Such an interval contains either the floor or the ceiling of its length in integers.

Example 4.9 (Sixteen values in three buckets)

Shrink the range to 16 values, 0 to 15, and use 3 buckets: b = [3x/16| + 1. Bucket 1 receives x =0, ...,5(6
values, since 3 X 5/16 = 0.94), bucket 2 receives x = 6, ..., 10 (5 values) and bucket 3 receives x = 11, ...,15
(5 values). The ideal share is 16/3 = 5.33 values, and each bucket gets its floor 5 or its ceiling 6.

A cryptographic hash is not random, but no practical test can tell its output on distinct inputs from uniform
random bits. Treating different salts as independent random functions is a modeling assumption, and hashing
100,000 ids (“user-0” to “user-99999”) under two salts checks its consequences. Under one salt, each of the 100
buckets expects 100,000 / 100 = 1,000 ids, with standard deviation about 31.5, the square root of

100,000 x 0.01 x 0.99 (Example 1.9 summed over the ids); the observed counts range from 916 to 1,090, that is
from 2.7 standard deviations below to 2.9 above, as the extremes of 100 such counts should. A chi-square test,
which adds up the squared gaps between the 100 counts and 1,000 in units of their variance, gives 71.3 on 99
degrees of freedom, p = 0.98: no evidence against uniform buckets. Under two salts, 24.7% of ids have both
buckets at most 50, where independence predicts 0.5 X 0.5 = 25% with standard error 0.14 points, the square root
of 0.25 x 0.75 / 100,000,, and the correlation of the two buckets is —0.002.
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Example 4.10 (Twenty users, two steps)

A pool of users is shared by several tests; this test uses buckets 1 to 50 of the pool salt. Inside the test, a
second bucket under the test’s own salt picks the group: 1 to 50 control, 51 to 100 treatment. The buckets
below are SHA-256 outputs for the ids u01 to u20 and cannot be predicted by hand; what can be checked is
the rule applied to them. Of the 20 users, these eight have a pool bucket of at most 50:

user u02 u04 u06 u07 w09 ul2 ul9 u20
poolbucket 38 11 48 42 25 3 17 27
groupbucket 53 9 58 66 55 60 94 40

group T € T T T T T C

The other twelve, such as u01 with pool bucket 75, are not in the test. Two of the eight are in control and six
in treatment. Small samples of a fair split are lumpy; with 10,000 users the split is close to even, as the next

example shows.
Why two salts? The second step must be independent of the first.

Naive: one salt for both steps

A user is in the test only if the pool bucket is at most 50. With the same salt, the group bucket is the same
number, so every user in the test lands in control. Hashing 10,000 ids: 4,993 are in the test (expected

10,000 X 0.5 = 5,000, standard deviation 50, the square root of 10,000 X 0.25), all 4,993 in control and none in

treatment.

Correct: a second, independent salt

Users in the test spread evenly over the group buckets: 2,522 in control and 2,471 in treatment, against an
expected 4,993 / 2 =~ 2,497 each with standard deviation about 35, the square root of 4,993 x 0.25.

Remark 4.11 (Ranges must not change during a test)

A bucket never changes, so a user’s group is fixed as long as the ranges are. Changing a running 50/50 split to
40/60 moves buckets 41 to 50 from control to treatment. Those users saw both versions, and their outcomes no

longer belong to one group.

In ABMeter, a space is the pool: its experiments take disjoint bucket ranges under the space salt, so a user is in at

most one experiment per space, and each experiment’s own salt picks the audience.

Exercises

1. Four users have Y(0) = (2,0,1,1) and Y(1) = (3,0, 1, 2). Compute the ATE (the average treatment effect), and
the estimate when users 1 and 3 are treated. Over all 6 ways to treat two users, what is the average estimate?

2. A test splits its users 50/50 with control on buckets 1 to 50. The split is changed to 40/60 while it runs. What
share of the test’s users switch group?

3. Test A uses pool buckets 1 to 50 under salt s4, and test B uses buckets 1 to 30 under an independent salt sp.
What share of all users is in both tests? What share would be in both if the two tests used the same salt?
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Chapter 5

Ratio metrics and the unit of analysis

Revenue per user is a mean over users. Average order value is not: it divides one total by another. This chapter
shows that the two obvious ways to compute a ratio disagree, says which one estimates what, and explains why
the user, not the order, must be the unit of the statistics.

Mean of ratios and ratio of means

Theidea

There are two natural ways to compute average order value. You can work out each user’s own average order
and then average those over users, or you can divide all the revenue by all the orders. The first treats every
user as one vote, however many orders they placed; the second treats every order as one vote. Only the
second is “the value of an order”.

Definition 5.1 (Two ratio estimators)

Let user i have X; (for example revenue) and Y; > 0 (for example orders). The mean of ratios averages each
user’s own ratio over the m users with Y; > 0:

1 X;
M=— > —
m .53 Yi

The ratio of means divides the two sample means over all n users:

R= X 2k
Y ZiYi

The factor 1/n cancels in R, so the ratio of means is a ratio of totals.

Example 5.2 (Alice, Bob and eight users who bought nothing)

Ten users. Alice made one purchase of $100. Bob made nine purchases of $10 each. Eight others bought
nothing.

Naive: mean of ratios

Alice’s ratio is 100 / 1 = 100, Bob’s is 90 / 9 = 10, and the eight others have 0/0, which is undefined and
dropped. M = (100 + 10)/2 = 55, from 2 of the 10 users.

Correct: ratio of means

X =190/10 = 19 and Y = 10/10 = 1, so R = 19: total revenue over total orders, from all 10 users.

$55 is not the value of an order (ten orders average $19) and not the value of a user (users bring $19 each). It
weighs Alice’s one order as much as Bob’s nine.
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Proposition 5.3 (What each estimator estimates)

Let the pairs (X, Y;) be i.i.d. with means ux = E[X;] and uy = E[Y;] # 0. (a) R = X/Y (the ratio of means) is a
consistent estimator of ttx/uy, the ratio of the population means. (b) Adding users with X; = Y; = 0 does not
change R. (c) M (the mean of ratios) is a mean of order values in which each user’s orders together get the

same weight, whatever their number.

Proof.

(a) By the law of large numbers X — ux and Y — uy, and since x/y is continuous where y # 0, X/Y — ux/uy
(the continuous mapping theorem). (b) Such users add 0 to both totals. (c) X;/Y; is user i’s average order value,

and M averages these with equal weights 1/m.

Example 5.4 (Doubling the non-buyers)

Add ten more users who bought nothing to Example 5.2. Now n = 20:

190/20 = 9.5 (total revenue over 20 users)

=10/20 = 0.5 (total orders over 20 users)
R =9.5/0.5=19 (the ratio of means)

X
Y

Both means halve and R stays at 19, so two groups of different sizes can be compared on R directly. M also
stays at 55, but for a different reason: it ignores non-buyers altogether.

The unit of analysis

The idea

The coin in an experiment is flipped per user, so users are the independent units. Bob’s nine orders did not
arrive as nine separate coin flips: they came as one package with Bob, and moved into one group together.
Statistics that count each order as an independent observation pretend there were more coin flips than there

were.

Definition 5.5 (Unit of randomization and unit of analysis)

The unit of randomization is what the assignment chooses: here, the user. The unit of analysis is what a
metric averages over: users for revenue per user, orders for average order value. When the two differ, the
observations of the analysis unit are not independent, and their sample variance does not give the standard

€ITor.

Example 5.6 (Ten orders that are really two users)
Take the ten orders of Example 5.2 as if they were ten independent observations: one order of $100 and nine
of $10. Their mean is 19, and the deviations are 81 and nine times —9:

s> = (817 + 9 X 9%)/9 = (6561 + 729)/9 = 810  (sample variance of the ten orders)
s/\/_ =1/810/V 10 = 28.46/3.16 = 9.00 (the order-level "standard error”)

Chapter 6 computes the correct standard error of R (the ratio of means) with users as the unit: 12.07. The
order-level formula is a quarter too small, because nine of the ten “observations” are one person.
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The fix is to keep the user as the observation. Per user, record the two numbers X; and Y;; these pairs are
independent across users. Then R is a smooth function of two user-level means, and Chapter 6 computes its
standard error with the delta method.

A ratio can move for the wrong reason

Theidea

A ratio has an outcome in its denominator. If the treatment changes who places orders, the denominator
changes along with the numerator, and the ratio can fall while the business does better.

Example 5.7 (New small buyers)
Two groups of 100 users. In control, 10 users each place one $50 order. In the treatment the same 10 buy, plus
10 new users who each place one $20 order.

control revenue per user = 10 X 50/100 = 5 (total revenue over users)
treatment revenue per user = (500 + 200)/100 = 7 (10 old and 10 new buyers)
control order value = 500/10 = 50 (revenue over orders)
treatment order value = 700/20 = 35 (revenue over orders)

The treatment earns 40% more per user ($7 against $5) while its average order value falls 30% ($35 against
$50). Both statements are true. Only the per-user mean answers whether the treatment is better for the
business, because its denominator, the users, is fixed by the randomization. A ratio of two outcomes is useful

to explain a result and risky to decide on.

In ABMeter, a metric whose formula divides one measure by another is this ratio of means, so its value is a total

over a total.

Exercises

1. Four users have revenue (40, 50, 0, 0) and orders (2, 1, 0, 0). Compute the mean of ratios and the ratio of
means, and say how many users each uses.

2. A treatment makes every buyer place twice as many orders at the same order value and converts no new users.
By what factor do revenue per user and average order value change?

3. Show that M = R (the mean of ratios equals the ratio of means) when every user with Y; > 0 has the same

value of Y; and every user with Y; = 0 has X; = 0.
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Chapter 6

The delta method

Chapter 5 made average order value a function of two means, R = X/Y (the ratio of means). The central limit
theorem gives the standard error of each mean, not of the ratio. The delta method fills the gap for any smooth
function of means: near the true means the function is almost linear, and the standard error of a linear function
follows from Chapter 1. Deng, Knoblich and Lu (2018) is a practical guide to the method for online experiments;
its Section 3 treats exactly this case, where users are randomized and the metric is a ratio over things users do.

One variable

Theidea

Zoom in far enough on a smooth curve and it looks like a straight line. The sample mean wobbles only a
little around the true mean, so over that small range the curve f is almost its tangent line. A straight line
with slope 3 turns a wobble of 0.1 into a wobble of 0.3, so the standard error of f(X) is about the slope times
the standard error of X.

Why a derivative shows up in a standard error

Chapter 1 can handle the spread of aX + b, a straight line through the mean, and nothing else. A curve such
as 1/p is not a straight line, but the only part of it the sample mean ever visits is a short stretch around y, and
over a short stretch a smooth curve is one straight line, the tangent, with slope f’(u). The delta method
replaces the curve by that line and then uses Chapter 1. The derivative is simply the a in aX + b: it says how
much a small wobble in the input is stretched or squashed on the way to the output.

Theorem 6.1 (Delta method, one variable)

Let X be the mean of 7 i.i.d. observations with mean u and variance o2. By the central limit theorem, written
with convergence in distribution (Definition 2.7, read “converges in distribution to”),

= d
V- (X =) — N(0,0%)
Let f be a function that is differentiable at y with derivative f’(u) # 0. Then

Vi - (fX) = fw) -5 N(0, (1) 0?)

SO

SE(f(X)) ~ |f'(w)] SERX)

Proof.

Here y is the mean of one user’s value and o2 the variance of one user’s value. By Taylor’s theorem
FX) = f(w) + f'(w)(X — @) + r, where the remainder r is small compared with |X — u| as X — u. Multiplying

by \/n:

Vi (& = f@) =@ Vn- -w+vn-r
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As n grows, the first term on the right converges in distribution to f’(u) - W, with W ~ N(0, o%), by the central
limit theorem. The second term goes to 0, because r is small compared with |X — u| while \/ n-|X—ul stays of
the order of 0. So

— d
Vi - (f&) = fw) — f'(w) - W
and a constant times a normal variable is normal with the variance multiplied by the constant squared
(Proposition 1.5):
) -w ~N(0, f'(u)c?)

For the standard error, divide the limit variance by 7 and take the square root:

SE(f(X) ~ /) f" (w202 /n

and the right side simplifies, with SE(X) = a/\/ n (Proposition 1.21):

A/ fl(w2a/n = |f' (W] o/A/n (take the square root of each factor)
= 1f'WISEX)  (SEX) =o//n)

Example 6.2 (Visitors per signup)

A page converts a share p = 0.2 of its visitors. Over n = 400 visitors the observed share p (the observed rate)
is the sample mean of 0/1 values with variance p(1 — p). The team reports visitors per signup, f(p) = 1/p.

SE(p) =/ p(1 — p)/n (SE = o/4/n, with 6 = p(1 — p))

=1/0.2 X 0.8/400 = 0.02 (substitute)
f(p)=1/0.2=5 (visitors per signup)
f'(p) = —1/p* = —1/0.04 = =25 (derivative of 1/p)

The delta method gives SE(1/p) ~ |f'(p)| SE(p), and

|f'(p)| SE(p) = 25 x 0.02 = 0.5

In a simulation of 200,000 draws of p, each the share of signups among 400 visitors converting at 0.2, the
standard deviation of 1/p is 0.515: 3% above the delta method’s 0.5, because the curve 1/p bends upward and
the tangent misses that. With 25 visitors the standard error of p is 0.08, the square root of 0.16 / 25, and the
same calculation gives 25 X 0.08 = 2.0, against a simulated 3.84: over the range where p now moves, roughly
0.04 to 0.36, the curve is far from straight.
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7 — f(p)=1/p
tangentatp=0.2:5-25(p-0.2)

Visitors per signup, 1/ p

simulated
1/p

0.14 0.16 0.18 0.20 0.22 0.24 0.26 0.28
Observed signup rate p (n =400, SE 0.02)

The curve 1/p and its tangent at p = 0.2. The bottom histogram is the spread of p for 400 visitors; mapped through the curve it
becomes the spread on the left (bars, simulation, 200,000 samples), which the delta method approximates by a normal curve with
standard error 0.5 (line). The gray lines map p = 0.16 and 0.24 through the curve.

The tangent is a good stand-in for the curve only where p actually moves. That range shrinks like 1/ \/ n, so the
delta method is a large-sample method, like the central limit theorem it is built on.

Several means

The idea

With several averages the picture is the same, one dimension up: near the true means a smooth function is
almost a flat plane, and its slopes in each direction form the gradient. The wobble of the result is a weighted
sum of the wobbles of the inputs. Because the inputs come from the same users, their wobbles can move
together, so the covariances enter the answer; they can make it larger or smaller.

Why the gradient, and why the cross term

A tangent plane in two variables has two slopes, one per direction, and those two numbers are the gradient.
A small move (d;, d;) in the inputs changes the output by g:d; + g.d>, a weighted sum, and the variance of
a weighted sum was settled in Chapter 1: each weight squared times its variance, plus twice the product of
the weights times the covariance (Proposition 1.17). The quadratic form g'2g is that formula written for k
inputs at once. The cross term is not a refinement. When the two inputs move together and their weights
have opposite signs, as in a ratio, it cancels most of the variance, and leaving it out can nearly double the
standard error.
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Theorem 6.3 (Delta method, several variables)

Let my, ..., my be k quantities measured on each user, with mean vector i and covariance matrix X for one user
(Zji = Cov(mj, my)). Let m = (i, ... , my) be their sample means over n i.i.d. users, so that, by the multivariate
central limit theorem (the same theorem for vectors, with N(0, X) the multivariate normal distribution),

_ d
Vn - (i —p) — N(O,2)
If f is differentiable at 4 with gradient g = V f(u) # 0, the vector of its partial derivatives, then, with g' the
transpose of g,

Vi - (f(m) = fw) = N(0, g"%g)

With the sample covariance matrix and the gradient at the sample means:

_8'%g
n

SE?

Proof.

The proof is the one-variable proof with the derivative replaced by the gradient g (the gradient of f at the
means): the linear term is g1(m; — (1) + -+ + gr(My — ui). Its variance for one user is the quadratic form, with
> the covariance matrix of the per-user measures:

Var(gimy + -+ + gxmy) = ZZ Cov(gjm;j, gim;) (Proposition 1.17, k terms)
1

J
= Z z gigiZj (constants factor out)
T

=g'yg (definition of the matrix product)

Averaging over n users divides it by n (Proposition 1.21), which gives SE.

Example 6.4 (Click-through rate in percent)

A page reports f = 100 - C/V: clicks per view, in percent, from per-user means of clicks C = 1 and views
V = 4 over n = 50 users. Suppose the per-user sample variances are s2C = 1and s, = 4 and the sample
covariance is scy = 1.5: users who view more also click more.

f=100x1/4 =25 (value at the sample means)
g= (100/17, — 100 C‘/Vz) = (25, —6.25) (partial derivatives)
g'2g =252 x14+2%x25%(—625)x1.54+6.25>x4  (quadratic form with k = 2)
= 625 — 468.75 + 156.25 = 312.5 (multiply and add)
SE = 4/312.5/50 = 2.5 (Theorem 6.3)

The rate is 25% with a standard error of 2.5 points. Dropping the covariance term would give 3.95, the square
root of 781.25 / 50, far too wide: clicks and views rise together, so their errors partly cancel in the ratio.
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Corollary 6.5 (Ratio of two means)

For R = X/Y over n users, with sample variances sf( and s%, and sample covariance syy, the gradient is
(1/Y, —X/Y?),and

sx — 2R sxy + R%s3

ny?

SEf =

Proof.

Estimate X (the covariance matrix of the per-user measures) by S?o S%, and syy (the sample variances and the
sample covariance), and evaluate the gradient at the sample means.

g= (1 1Y, =X/ Yz) (partial derivatives of x/y)
g'3g = g?s% + 2818, Sxy + g5 5% (the quadratic form for k = 2)
S X X?
=X _ = Sxy + — s% (substitute g)
Y2 Y3 Y4
1 X X? ]
— _—(S)Z( -2 syy + — s%,) (factor out 1/Y?)
Y2 Y Y2
s% — 2R sxy + R%s? o
= X v Y (R=X/Y)
Y2
SEz =g'Zg/n (Theorem 6.3)

Example 6.6 (Alice and Bob, by hand)
From Chapter 5: X = (100, 90,0, ...,0), Y = (1,9,0, ...,0), n = 10, X = 19, Y = 1, R = 19 (the ratio of means).

. s%:deviations 81, 71 and eight times —19; squares 6561 + 5041 + 8 X 361 = 14490; divided by 9 gives 1610.
. s3:deviations 0, 8 and eight times —1; squares 0 + 64 + 8 = 72; divided by 9 gives 8.
« sxy:products 81 X 0 + 71 X 8 + 8 X 19 = 720; divided by 9 gives 80.

sy —2Rsxy + R*s3, = 1610 —2x 19 x 80+ 19> x 8  (substitute)

= 1610 — 3040 + 2888 (multiply)
= 1458 (add)
1458 _
SEr =4/ o 2 (the corollary withn =10, Y = 1)
=1/145.8 = 12.07 (divide, take the root)

The two common mistakes give different answers. Dropping the covariance term leaves
(1610 + 2888) / 10 = 449.8, whose root is 21.21, too large; treating the ten orders as independent observations
gives 9.00 (Chapter 5), too small, because Bob’s nine orders came from one randomized user.

Proposition 6.7 (Residual form)

The numerator of SEIZe is s)z(_Ry, the sample variance of the residuals X; — R Y;, so, with sy_gy its square root,

SX—RY

Jn v

SER =
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Proof.
Treat R (the ratio of means) as a constant. The rules of Chapter 1 hold for sample variances and covariances

too, by the same algebra.

S)Z(—RY = S§< + SERY + 25Sx, _Rry (Proposition 1.17)
= 5% + R%sy + 2sx, gy (Proposition 1.5 with a = —R)
= sx + R*s3 — 2Rsxy (a constant factors out of a covariance)

This is the numerator of SE3.

Example 6.8 (Alice and Bob's residuals)

With R = 19, the residuals are 100 — 19 X 1 = 81 for Alice, 90 — 19 x 9 = —81 for Bob, and 0 for the others.
Their mean is 0, so their sample variance is (812 + 812) / 9 = 1458: the same numerator as in Example 6.6.
The residual form says what makes a ratio uncertain: users whose own ratio disagrees with the overall one. If
every order were worth exactly R, every residual would be 0, and so would the standard error.

Computing the gradient

Theidea

The gradient does not have to be worked out by hand. Any formula built from means, constants and the four
arithmetic operations can carry, next to each intermediate value, its slope with respect to every input. Each
operation updates the slope by the rule from calculus (sum, product or quotient rule), so at the end the
formula’s value and its gradient arrive together.

Any formula built from means, constants and + — x =+ is differentiable wherever no denominator is 0, and its
gradient can be computed exactly in one pass over the formula’s syntax tree. Forward-mode automatic
differentiation carries a pair (value, gradient) through every node:

- aconstant c gives (¢, 0), and mean j gives (1}, e;), with e; the j-th unit vector;
« (a,Va)*(b,Vb) =(axb, Va+ Vb),

. (a,Va) x (b, Vb) = (ab, bVa + a Vb), the product rule;

- (a,Va) + (b,Vb) = (a/b, (b Va — a Vb)/b?), the quotient rule.

Example 6.9 (Forward mode on two formulas)

For X/Y at (19, 1), the leaves are (19, [1,0]) and (1, [0, 1]), and the division returns 19 with gradient
([1,0] x 1 —19x[0,1]) / 1 = [1, —19], the gradient of the corollary. For 100 - C/V at (1,4):

100 - C ~ (100, [100,0]) (constant times the leaf (1,[1,0]))
Ve (4, [0,1]) (leaf)
quotient — (100/4, ([100,0] X 4 — 100 x [0,1])/4?)  (quotient rule)
= (25, [25,—6.25]) (evaluate)

the value and the gradient used in the click-through example.
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Why the covariance matters

Theidea

Revenue and orders come from the same users and rise together. When a sample happens to contain more
big spenders, both totals go up, and their ratio moves much less than either total. Dropping the covariance
ignores this cancellation and overstates the uncertainty.

Example 6.10 (Coverage with and without the covariance)

A simulation draws 4,000 samples at each size from a population with a Poisson number of orders per user
(mean 0.4) and lognormal order values with log-mean 3.5 and log-standard deviation 0.8. The true average

3.5+0.8%/2

order value is the lognormal mean, e = $45.60, and the simulation counts how often each 95%

interval contains it:

users delta method: coverage mean width covariance dropped: coverage mean width

100 90.0% 25.17 99.8% 47.70
1,000 93.8% 8.37 99.9% 15.18
10,000 94.8% 2.68 100.0% 4.81

Naive: covariance dropped

The interval covers the truth almost always (99.9% at 1,000 users) because it is about 80% wider than it
should be (mean width 15.18 against 8.37). A test built on it misses effects it could detect.

Correct: the delta method with the covariance

Coverage approaches 95% as n grows: 90.0% at 100 users, 93.8% at 1,000 and 94.8% at 10,000. The shortfall at
small n is the large-sample nature of the method.

Checking with the bootstrap

The idea

To see how much a statistic would wobble if you re-ran the experiment, you can fake the re-runs: draw a
new sample of the same size from your own users, with replacement, recompute the statistic, and repeat
many times. The spread of the recomputed values approximates the standard error, with no formula needed.

Definition 6.11 (Bootstrap standard error)

Draw n users with replacement from the sample, recompute the statistic, and repeat B times. The standard
deviation of the B values is the bootstrap standard error (Efron and Tibshirani 1993).
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Example 6.12 (Every resample of three users)

Three users spent 1, 2 and 6. There are 3* = 27 equally likely resamples of size 3, and their means have the
variance of a mean of 3 draws from the values 1, 2, 6:

variance of the values = (4 + 1+ 9)/3 = 14/3 (squared deviations from 3, over n)
variance of a resample mean = (14/3)/3 = 14/9 (Proposition 1.21)
bootstrap SE = 1/ 14/9 = 1.25 (square root)

The formula s//n gives /7 / /3 = 1.53, since s> = 14/2 = 7 (the sample variance). The bootstrap divides by
n instead of n — 1, which matters only in tiny samples.

The bootstrap needs no formula, so it is an independent check on the delta method, at the price of B

recomputations.

Example 6.13 (Bootstrap against the delta method)

For one simulated sample of 1,000 users from the population of the coverage simulation (Poisson(0.4) orders,
lognormal order values) and 10,000 resamples, the delta-method standard error of average order value is
1.995 and the bootstrap gives 1.987; for the product of revenue per user and orders per user, 0.842 and 0.841.
For a sample of 5,000 users the two agree within 1%. At Alice and Bob’s 10 users the delta method gives 12.07
and the bootstrap 37.32: the delta method understates the spread by two thirds. In about one resample in
nine neither Alice nor Bob is drawn (all ten draws miss both with probability 0.8'° = 0.107), so there are no

orders and no ratio at all.

bootstrap, 10,000 resamples
= delta method, SE 2.00
covariance dropped, SE 3.41

30 35 40 45 50 55
Average order value ($), revenue / orders

Average order value at n = 1,000: the bootstrap distribution (gray, 10,000 resamples) against the delta method's normal curve (blue)
and the curve with the covariance dropped (orange).
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Bias of a ratio

Theidea

Dividing by a noisy number is lopsided. If the denominator is sometimes 0.5 and sometimes 1.5 around a
true value of 1, one over it is sometimes 2 and sometimes 0.67: on average 1.33, not 1. So a ratio of two
unbiased means is biased upward by an amount that grows with the noise of the denominator, and shrinks
like 1/n.

Why a tangent cannot see a bias

A tangent line is symmetric: it stretches a wobble above the mean and a wobble below it by the same factor,
so a linear approximation of an unbiased mean is itself unbiased. The curve 1/y is not symmetric; it rises
more steeply on the left than it falls on the right. To see the bias, the approximation needs the next term of
Taylor’s formula, the one with the second derivative, which measures that bending. The second derivative is
multiplied by the squared wobble, whose average is the variance, and the variance of a mean is of order 1/n:
that is why the bias shrinks like 1/n while the standard error shrinks like 1/4/n.

Proposition 6.14 (Second-order bias of a ratio)

Let the pairs (X, Y;) be i.i.d. over n users with means tx and uy # 0, per-user variance a%, = Var(Y;) and
covariance oxy = Cov(X;, Y;). The ratio of means R = X/Y estimates ux/uy with bias

ol —uyo
E[R] — Mx ~ Mx 0y — My Oxy
Ky nuy

Proof.

Write dx = X — ux and dy = Y — py for the errors of the two sample means. The derivatives of x/y at (ux, 4y)
are 1/uy and —/JX//V@ (first order), and 0, —l/uf, and 2,uX//4t§’, (second order: in x twice, mixed, in y twice).
Taylor’s formula to second order halves each second derivative and counts the mixed one twice:

z_#_XNd_X_#XdY_dXdY_'_:uXd%/

~

N O O - S - A 152

Take expectations. The first two terms vanish, since E[dx] = E[dy] = 0:

[E[z] _ Mx  Eldxdy] L B E[d}]
v oomy Ky My
The right side equals

E[dxd E[d? Cov(X,Y Var(Y
_ [XZY]+/'LX £ Y]=_ (2 )+“X 3( ) (definitions)
My My My Uy

oxy |, HxOY

=—-—+ 3 (Proposition 1.21; the same for Cov)
nuy  nuy

o2 —uyo
_ KX 'L: Y oXy (common denominator)
nuy
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Example 6.15 (A noisy denominator)

Let the numerator mean be exactly X = 1 and the denominator mean Y be 0.5 or 1.5 with probability ¥ each,
souy = 1 and Var(Y) = 0.25.

E[1/Y] = (1/0.5 + 1/1.5)/2 (the two equally likely values)
= (2+0.667)/2 = 1.333 (divide and average)

The second-order formula, with no covariance, predicts a bias of ux Var(Y)/,u?, = 0.25, so 1.25 against the
exact 1.333: the right direction and roughly the right size even for this very noisy denominator.

For a realistic case, take a population where users with more orders place smaller orders, so that revenue is
not proportional to orders: Poisson(0.4) orders per user, and an order value whose logarithm is normal with
mean 4.0 — 0.4 X orders and standard deviation 0.6. Its exact moments are uy = 0.4, 0% = 0.4 (a Poisson
variance equals its mean), ux/uy = 38.403 and oxy = 13.335, so at n = 20 the formula gives

Ux 0% — Uy Oxy _ 38.403Xx0.4-13.335 2026 0.633
s 20 X 0.16 3.2 '

(after dividing numerator and denominator by uy). One million simulated samples per size give an average
bias of +0.652 (+0.012) at 20 users, +0.258 at 50 and +0.069 at 200, against +0.633, +0.253 and +0.063 from
the formula; the formula is second order, so the gap shrinks faster than the bias itself.

The bias shrinks like 1/n and the standard error like 1/4/n, so for large samples the bias is negligible next to the
interval width.

In ABMeter, the standard error of every metric whose formula divides or multiplies measures comes from this
method, with the gradient computed by forward-mode differentiation.

Exercises

1. A metric is 2X. What is its gradient, and how does its standard error compare with that of X?

2. For the product f = C -V of two per-user means at C=4andV =3, give the value and the gradient, and
write g'3g in terms of sz, 53, and scy (the sample variances and the sample covariance).

3. Alice and Bob’s data give s)z( = 1610, s%, =8, Sxy = 80 and R = 19. If the covariance were —80 instead of 80,
what would SE; be withn =10and Y = 1?
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Chapter 7

The relative lift

Results are usually read as percentages: “+25% conversions” means more than “+0.0277”. The relative lift divides
by the control mean, and the control mean is an estimate with its own error. This chapter derives the delta-
method interval for the relative lift, compares it with the naive interval and with Fieller’s exact construction, and

measures the small-sample bias.

The delta-method interval

Theidea

A relative lift is “treatment divided by control, minus one”. Both the numerator and the denominator are
noisy averages, so the percentage has two sources of uncertainty. Dividing an interval for the absolute
difference by the control mean pretends the denominator is exact, and gets the width wrong whenever the

lift is not zero.

Definition 7.1 (Relative lift)
For control and treatment means uc # 0 and ur, the relative lift is L = ur/uc — 1. It is estimated by
L = Xr/X¢ — 1, with X7 and X, the sample means of the two groups.

Example 7.2 (A pricing-page lift)

On a pricing-page test, control users spend $10 on average and treatment users $12, each group with 100
users and sample variance 100. Then L=12/10-1= 0.2, a 20% lift, and each group’s standard error is 1, the
square root of 100 / 100.

Proposition 7.3 (Standard error of the relative lift)
For independent groups with sample means X7 and X and standard errors SE7 and SE¢ of those means,
2 o2 Q2
SET 4 X7 SE¢
o2 o4
X Xc

SE?

rel =

and the 95% interval is L + 1.96 SE .

Proof.

Apply Theorem 6.3 to f(t,c) = t/c — 1 att = X7 and ¢ = X (the treatment and control sample means). The two
means come from different users, so the covariance matrix of (Xr, X¢), which takes the place of Z/n, is
diagonal with entries SE7 and SE. (the standard errors of the treatment and control means, squared).

g= (1/c, - t/cz) (partial derivatives of t/c — 1)
SE2, = g1 SE7 + g5SEZ  (quadratic form with a diagonal matrix)

rel —
SE2  X2SE?
=L, r-=c (substitute g)
X¢ X¢
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The naive alternative takes the interval of the absolute difference and divides both ends by the control mean Xc.

Its implied standard error is

SEZ. .0 = (SEZT + SE%)/XC% (standard error of the difference, divided by X)
SE2  SE2
— 2T + — ZC (split the fraction)
Xe  X¢

The delta method’s control term is X7 SEZ/X2 = (X7/Xc)? - SEZ/XZ, so the two differ only in the control term,
which the delta method multiplies by (X71/Xc)?. When the treatment is above control the naive interval is too
narrow; below control it is too wide; at zero lift they agree.

Example 7.4 (The two intervals for the pricing page)

For Example 7.2: X1 = 12, Xc = 10, SE1 = SE¢ = 1 (the standard errors of the treatment and control means).

Naive: absolute interval divided by control

The difference has standard error /2, the square root of 1 + 1, so the absolute interval is
2 +1.96 x /2 = [—0.7719, 4.7719]; divided by 10 it is [-0.0772, 0.4772].

Correct: the delta method

102 10*
=1/0.01 + 0.0144 (divide)

=10.0244 = 0.1562 (add, take the root)

1 122 x 1
SE;q = \/ + (the proposition with SEr = SE¢c = 1)

so the interval is 0.2 = 1.96 X 0.1562 = [—0.1062, 0.5062], about 11% wider than the naive one (0.1562 against
\2/10 =0.1414).

Fieller’s interval

Theidea

The delta-method interval is symmetric around L, but a ratio’s distribution is lopsided: a control mean that
happens to be low inflates the ratio more than a high one deflates it. Fieller’s idea avoids the approximation.
For a candidate true ratio 8, the combination X — 86X should look like pure noise around 0. Keep every ©
for which it does.

The step Fieller removed

The delta method replaces a ratio by its tangent and then borrows the normal distribution for the result.
Fieller (1954) asked for an interval with no tangent in it. His observation: a ratio of two normal means is
awkward, but X7 — 6X¢ for a fixed candidate 6 is a plain linear combination of them, whose distribution is
exact. Test every candidate with that combination and keep the ones that pass. The price is a quadratic
equation instead of a formula; the gain is an interval that follows the lopsided shape of a ratio’s error instead
of forcing symmetry on it.
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Proposition 7.5 (Fieller's interval)
Let @ = ur/uc (the true ratio of the treatment and control means), and suppose X and X¢ are independent
and normal with known standard errors SE; and SE¢. Then D = X — 6X is normal, with

E[D] = ur — Buc (linearity)
=0 (6 = ur/uc)
Var(D) = SE% + Var(6X¢) (independent: variances add)
= SE7 + 6°SE% (Proposition 1.5)

So D divided by its standard deviation is standard normal, and the set of 6 with D? < 1.962 Var(D), that is

(Xr—6Xc)” < 1.96°(SE3 + 67 SE2)

contains the true ratio with probability exactly 0.95. It is a quadratic inequality in 6, and the set is a finite
interval when X2 > 1.962 SEZ, that is, when the control mean is itself significantly different from 0. Then the
coefficient of 6%, X2 — 1.96% SEZ, is positive, and the set lies between the two roots.

Example 7.6 (Fieller for the pricing page)
For Example 7.2 (Xt = 12, X¢ = 10, SE7 = SE¢ = 1):

(12 -106)* < 1.96*(1 + 6%) (Fieller’s inequality)
144 — 2400 4+ 100 6% < 3.8416 + 3.84168>  (expand both sides)
96.1584 6% — 2400 + 140.1584 < 0 (move everything to the left)

The quadratic formula gives the roots:

240 + /2402 — 4 X 96.1584 X 140.1584

6= (quadratic formula)
2 X 96.1584
240 £ 60.75
= _— - (evaluate the root)
192.32
= 0.9321 or 1.5638 (divide)

The coefficient of 62 is positive, so the set is the interval between the roots, and subtracting 1 gives the
relative-lift interval [—0.0679, 0.5638]: shifted to the right of the delta interval [—0.1062, 0.5062], as the

lopsidedness predicts.

Deng, Knoblich and Lu (2018, Section 2 and Table 1) compare the two by simulation: from about 200 units per
group both reach their nominal coverage, and Fieller is ahead only in small samples.
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Coverage

Example 7.7 (Coverage of the three intervals)

A simulation runs 20,000 experiments for each true lift, with normal data, standard deviation 10 and a
control mean of 10, and counts how often each 95% interval contains the true lift:

users per group true lift naive delta Fieller

100 —50% 98.6% 95.4% 94.9%
100 0% 94.8% 94.9% 94.8%
100 +50% 87.4% 94.8% 94.5%
100 +100% 78.5% 95.0% 95.1%
10 +100% 76.8% 91.3% 93.3%

With 100 users per group the delta and Fieller intervals both hold 95%. The naive interval covers a true
doubling only 78.5% of the time: it is most overconfident about exactly the large gains a team hopes for. With
10 users per group Fieller’s interval (93.3%) is closer to 95% than the delta interval (91.3%).

100% .
'.;E \0\
o . . .\: . 95% target
S = [ ; ° ) ® )  —
= 95% o<‘ [ ] [ ] )
2 —~
£ 90% .
£ —
§ 85% \0
g ) \'
(%]
S gow \'
E delta method \'
= naive: absolute interval / control

75%

-50% -25% +0% +25% +50% +75% +100%
True relative lift

Simulation, 20,000 experiments per lift: coverage of the relative-lift interval against the true lift, 100 users per group. The delta-
method interval holds 95% at every lift; the naive interval is right only at zero lift, too wide for losses and too narrow for gains.

Bias of the relative lift

Theidea

The relative lift is a ratio, so it inherits the upward bias of Chapter 6: a noisy control mean in the
denominator makes the estimated lift too high on average. The bias is small, of order 1/n, and a second-order

correction removes most of it.
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Proposition 7.8 (Bias of a ratio of independent means)
Let X and X be independent, with true means u; and u¢ and SE¢ the standard error of the control mean.
Then

> 2
. lﬁl _mur  mr SEc
- ~ 2
Xc Mc  Hc  ug
so the estimated lift is too high on average, and the corrected estimate subtracts this term.

Proof.
Proposition 6.14 applied with X the treatment and Y the control gives, since the two means come from different

users and their covariance term is 0,

o 2
E [ﬁl _Kkr  HTOc
- ~ 3
Xc HMc nue
with o the variance of one control user’s value. The right side equals

2 2
Broc _ ur gg/n

= . (regroup)
nuE  Mce o ug
SE2
B2 (sB2=0l/n)
Hc  ue

Example 7.9 (Correcting the pricing-page lift)
For Example 7.2, with ratio 1.2, SE2 = 1 (the squared standard error of the control mean) and X’é = 100:

bias term = 1.2 X 1/100 = 0.012 (the proposition, with estimates in place of true values)
corrected lift = 0.2 — 0.012 = 0.188 (subtract the bias)

A simulation of 2,000,000 experiments with 50 users per group (means 10 and 12, standard deviation 10, so
SEZ = 2) shows the bias directly: the average estimated ratio is 1.2254, high by 0.0254, while the second-
order term is 1.2 X 2 / 100 = 0.0240 (ratio times SEZ./u2). Subtracting the term brings the average to 1.1980;
adding it would give 1.2528.

Remark 7.10 (A sign in Deng, Knoblich and Lu (2018))

Their Algorithm 1 computes this same term and writes the corrected estimate as the estimate plus the term.
The expansion above, and the simulation, show that the plain estimate is already high by the term, so the
correction should subtract it. The difference is of order 1/n and does not matter for large groups.

In ABMeter, the percentage interval shown for each treatment group is the delta-method interval of this chapter,
without the bias correction.

Exercises

1. Control has mean 0.10 and treatment 0.08, each with standard error 0.01. Compute the relative lift, the delta-
method 95% interval and the naive interval. Which is wider, and why?
2. Show that the delta-method and naive intervals coincide when X = X (the treatment and control sample

means are equal).

The Statistics of A/B Tests: The ABMeter Book - abmeter.ai - version 2026.10 54


https://abmeter.ai/

3. Control has mean 10 with standard error 6. Is Fieller’s interval for the ratio a finite interval?
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Chapter 8
Repeated looks, many comparisons and sample
size

A level-0.05 test makes a false positive 5% of the time if it is computed once. Real experiments are watched daily,
often have several treatments, and need a planned length. Each changes what “p < 0.05” is worth. This chapter
quantifies the first two and shows how to choose the sample size in advance.

Peeking

Theidea

Every time you look at a running test, noise gets another chance to cross the significance line. If you stop the
first time it does, you are no longer running one test at level 0.05; you are running many, and keeping the
luckiest. Look often enough and a test where nothing changed will cross the line sooner or later.

Definition 8.1 (Fixed-horizon test)

A fixed-horizon test decides its sample size or duration before the data arrive and computes the test once, at
the end. Proposition 3.9 holds only under this rule.

Example 8.2 (Two looks instead of one)

A test of a signup form is read after one week and after two. If the two reads were independent, each with a
5% false-positive rate under H, (the null hypothesis), the chance that at least one is significant would be

1 — 0.952 = 0.0975. The reads share the first week’s data, so they are positively correlated and the real rate is a
little lower: 8.4% in the simulation below. Either way, two looks nearly double the false positives of one.

If the same experiment is tested every day and stopped at the first p < 0.05, a false positive occurs whenever the
path of z (the test statistic) crosses +1.96 on any day. Under Hy, z computed on growing data behaves like a
random walk rescaled by its standard deviation, and such a path, given unlimited looks, crosses any fixed
boundary with probability 1. Johari, Koomen, Pekelis and Walsh (2017) document the problem in A/B testing

practice.

Example 8.3 (Daily looks at A/A tests)

A simulation runs 20,000 A/A experiments over 28 days, with 250 new users per group per day and a 10%
conversion rate in both groups. Each is read 1 to 28 times at evenly spaced days and counted as a false
positive if any read has p < 0.05:

reads 1 2 4 7 14 28

false-positive rate 4.9% 8.4% 12.6% 16.6% 22.2% 27.7%

Reading daily for four weeks turns 5% into 28%.
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A/A experiments read every day False-positive rate

30% 28%

|z > 1.96: p <0.05 R /

>
©
3 20% /
E 0 o
5 ./
N
10% °
0%
0 5 10 15 20 25 1 2 4 7 14 28
Day of the experiment Reads, stopping at the first p <0.05

Simulation, 20,000 A/A experiments. Left: the daily z of several of them. Orange paths cross £1.96 on some day and end inside the
band, so stopping at the first crossing declares a difference that does not exist. Right: the false-positive rate grows with the number of
reads.

Two remedies exist: fix the horizon and read once, or use a sequential method built for continuous monitoring,
such as the always-valid p-values of Johari, Pekelis and Walsh (2015), which stay valid at any stopping time at the
cost of some power.

Several comparisons

The idea

Each comparison at level 0.05 has a 1-in-20 chance of a false positive. Run twenty comparisons where
nothing works, and you should expect about one “win”. The fix is to make each comparison stricter, so that
the chance of any false positive across the whole family stays at 5%.

Proposition 8.4 (Bonferroni bound)

If k tests are each run at level a, the probability that at least one makes a type I error is at most ka. Running
each at level a/k keeps that probability at most a.

Proof.
Let A; be the event that test i makes a type I error, so P(A;) < « (the test level).

P(A1U--UAgx) < P(Ay) + -+ + P(Ax) (a union is at most the sum of its parts)
< ket (P(A) < a)

Atlevel a/k each P(A;) < a/k, and the same two steps give at most k - a/k = a.
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Example 8.5 (Three button colors)

A test compares three new checkout button colors with the current one, at a family-wise level of 0.05.
Bonferroni runs each comparison at 0.05 / 3 = 0.0167. If all three colors do nothing:

Bonferroni bound = 3 x 0.05 = 0.15 (each at 0.05, no correction)
independent tests = 1 — 0.95> = 0.143  (all three stay quiet with probability 0.95°)

The comparisons share one control group, so they are not independent: when the control’s rate happens to
come out low, all three treatments look good at once. In 50,000 simulated experiments with 5,000 users per
group converting at 10% in all four groups, at least one of the three comparisons is significant 12.5% of the

time, below the 14.3% for independent tests because the comparisons are positively correlated.

Power and sample size

Theidea

Power is the chance of seeing an effect that is really there. What matters is the size of the effect measured in
standard errors: an effect two standard errors wide is hard to miss, one standard error wide is a coin flip.
More users shrink the standard error, so the sample size is chosen to make the effect you care about wide
enough, in those units, to be found most of the time.

Two bells

Under Hy the z-statistic is a bell centred at 0, and the test rejects outside +1.96. If the true effect is J, the
statistic is the same bell slid to the right by 6/SE. Power is the part of the slid bell that lies beyond 1.96,
shown in the figure. Everything about sample size follows from the picture. The slide grows like y/n, so more
users move the second bell to the right and more of it crosses the line; a larger effect moves it further for the
same p; a stricter level moves the line to the right and cuts the area.

-1.96 1.96

no effect effect of 2.31 SE

power 64%

-4 -2 0 2 4 6
z, in standard errors

The checkout test of the next example, 10,000 users per group. Blue: the distribution of z if the new checkout does nothing, with the
5% rejection region beyond +1.96 shaded. Orange: the same bell slid right by 8/SE = 2.31 when the new checkout converts 11%
against 10%. The shaded orange area, 64%, is the power: the share of such experiments that reject.
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Proposition 8.6 (Power of the two-sample z-test)

If the true difference is § and the standard error of the estimated difference is SE, the power 1 — j3 of the two-
sided level-a test, with (8 the type II error rate and z;_,, the standard normal quantile (Definition 2.5), is
approximately

)
1-6~ Q(g—El _Zl—a/z)

Proof.

Take § > 0; the case § < 0 is symmetric. The estimated difference is approximately N(8, SE?), so z (the test
statistic) is approximately N(6/SE, 1), and z — &/SE is approximately standard normal. The test rejects when
|z| > z1_4/2> and the lower tail, z < —z;_4/,, has negligible probability when § > 0. So the power is
approximately

P(Z > Zl—a/z)

and this probability equals

P(z > zl_a/z) = P(z —0/SE > z1_qp2 — 5/SE) (subtract 6/SE on both sides)
=1- d)(zl_a/z - 5/SE) (z — &/SE is standard normal)
= @(5/SE — Z1—a/2) (symmetry: 1 — ®(a) = ®(—a))

Example 8.7 (Power of a checkout test)

The current checkout converts 10% and the new one 11%, so § = 0.01 (the true difference), with per-user
variances 0.1 X 0.9 = 0.09 and 0.11 X 0.89 = 0.0979. With 10,000 users per group and ®(0.347) = 0.636:

SE = 4/(0.09 + 0.0979)/10,000 = 0.00433 (Proposition 1.21 in each group)
6/SE = 0.01/0.00433 = 2.307 (the effect in standard errors)
®(8/SE — 1.96) = ®(2.307 — 1.96) = ®(0.347) = 0.636  (power, with zg975 = 1.96)

A real 1-point lift would be detected only about 64% of the time.

Corollary 8.8 (Sample size)

With » users per group and per-user variances a% and o%, the number of users per group needed for power
1-pis

_ @Zi_ap +21p)° (ot +07)
= 5

Proof.
By Proposition 1.21 in each group, SE? = (02C + 0%)/n. Setting the power to 1 — § in the proposition, and using
D(z1-g) =1-p

|6|/SE — z1_a/2 = Z1-p (@ is increasing, so the arguments are equal)
SE = |9]/(z1-a/2 + Z1-p) (solve for SE)
(0t +03)/n=8*/(Z1—ap + 21-p)* (square both sides; SE* = (0 + 07)/n)
n=(z1—qp +z1-5)*(ct + 03)/6*  (solve for n)
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For o = 0.05 and 80% power, Z975 = 1.96 and zpg = 0.8416 (standard normal quantiles), so
(1.96 + 0.8416)* = 7.849. With equal variances o2 in both groups the numerator is 7.849 X 202 = 15.702, 0 1 is
about 16 0%/62, a common rule of thumb.

Example 8.9 (A checkout test, by hand)
To detect the lift from 10% to 11% of the previous example with 80% power at level 0.05:

n = 7.849 x (0.09 4+ 0.0979)/0.01>  (the corollary)
= 1.4748/0.0001 (multiply)
= 14,748 users per group (divide, round)

The rule of thumb gives 16 x 0.09 / 0.0001 = 14,400. If 3,000 users reach the checkout each day and half of
them enter the test, each group gains 3,000 / 2 / 2 = 750 users a day, and the test needs 14,748 / 750 = 19.7
days, so 20; rounding up to 21 days covers each weekday three times. The power formula at other sizes,
computed as in the previous example (for 5,000 users: SE = 0.00613, the square root of 0.1879 / 5000,
®(0.01 / 0.00613 — 1.96) = ®(—0.33) = 0.37):

users per group 5,000 10,000 14,748 20,000

power 37% 64%  80%  90%
100%
True conversion, control > treatment /
80% power
80% 10% > 11% °P
3 e 10% > 12%
o
\;/3_ 60% s 10% > 13%
]
g
< 40%
ey
(@)
20%
0%
100 300 1,000 3,000 10,000 30,000

Users per group
The power formula against users per group for a 10% baseline and three true treatment rates. A 1-point lift needs 14,748 users per

group for 80% power; a 3-point lift needs 7.849 x (0.09 + 0.13 x 0.87) / 0.03? = 1,770.

Power depends on §/SE, and SE falls like 1/4/n, so halving the detectable effect needs four times the users.

In ABMeter, the test is fixed horizon and makes no correction for several treatments, so the duration should be
chosen in advance with this calculation and the result read once.

Exercises

1. A page converts 5% and the team wants 80% power to detect 6% at level 0.05. How many users per group are
needed? At 1,000 new users per group per day, how many days?

2. With the same baseline, the target effect is halved to 5.5%. About how many users per group are needed, by
the scaling argument, and exactly?

3. An experiment has four treatments and one control. What per-comparison level does the Bonferroni
correction prescribe for a family-wise level of 0.05?
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Chapter 9

Statistics that are not means

Every interval in this book comes from the central limit theorem applied to means of independent per-user
values, possibly passed through a smooth function. Some natural summaries are not of that form, and the theory
does not apply to them. This short chapter names the two common ones.

Theidea

Everything in this book rests on averaging many small independent contributions, one per user. A sum of
per-user numbers has that shape; so does any average built from such sums. A maximum does not: one
extreme user decides it. A count of distinct values does not either: two users who bought the same plan
count once together, not once each.

Definition 9.1 (Additive statistic)

A group statistic is additive over users if it is a sum of one number per user, ); a;; its per-user average is then a
sample mean, and Chapters 2, 3 and 6 apply.

Example 9.2 (A maximum and a distinct count)
Four users’ largest orders are $120, $35, $0 and $60, and they bought the plans {pro}, {pro}, none and {basic}.
. The group’s largest order is $120. The per-user values add to 215, so the maximum is not additive: it is
decided by one extreme user.

. The group bought 2 distinct plans. The per-user counts of distinct plans add to 3, because two users
bought the same plan. Distinct values overlap across users, so a distinct count is not additive either.

In 2,000 simulated samples of lognormal revenue, the two kinds of statistic behave in opposite ways as the
sample grows:

users sd of the mean sd of the maximum

100 5.52 157.8
1,000 1.74 238.8
10,000 0.56 349.2

The standard deviation of the mean shrinks like 1/4/n, while that of the maximum grows.

Example 9.3 (Total revenue is additive)

The same four users spent $150, $35, $0 and $90 in total. The group’s revenue, $275, is the sum of the per-
user values, so revenue per user, 275 / 4 = 68.75, is a sample mean, and its standard error is s/\/ n (the sample
standard deviation over 4/n) as in Chapter 1.

Remark 9.4 (What theory applies instead)

The maximum of n observations is described by extreme-value theory, whose limits are not normal, and a
distinct count by the theory of occupancy problems. Neither is a mean of independent per-user values, so the
standard error S/\/ n, the z-test and the delta method of this book do not apply to them. A count of distinct
users is the exception: within one user it is 0 or 1, so it is additive and is the conversion indicator.
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In ABMeter, this is why metric formulas accept counts, sums and distinct counts of users, and reject min, max
and distinct counts of other fields.

Exercises

1. Five users bought the plans {basic}, {pro}, {pro, team}, none and {team}. What is the sum of the per-user
distinct counts, and how many distinct plans did the group buy?

2. Which of these group statistics are additive over users: (a) the number of distinct users who bought, (b) the
number of distinct plans bought, (c) total revenue, (d) the largest order?
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Formula sheet

n observations per group, C control, T treatment, ® the standard normal distribution function, zg 975 = 1.96.
One sample (Chapters 1 and 2)
1 n
X; — X)?

— Z}( i—X)

i=1

SE(X) = V' s2/n

0/1 data with observed rate p: s> = n p(1 — p)/(n — 1). Variance of a sum: Var(X + Y) = 0% + 0% + 20xy. Skewness of a
mean: y//n.

s* =

Two groups (Chapter 3)
Xr—Xc

\/ SEZ + SE2

p = 2(1 — ®(|z|)); 95% interval (X7 — X¢) = 1.96 SE; the interval excludes 0 exactly when p < 0.05.

Delta method (Chapter 6)

.
SE*(f(m)) = %

g: the gradient of f at the sample means; 2: the sample covariance matrix of the per-user values. For R = X/Y:
s% — 2R sxy + R%s%

ny?
Bias of R as an estimate of ux/uy: about (uxo? — ,l,(yUXY)/(nM:;).

SE2 =

Relative lift (Chapter 7)
SE2  X2ZSEZ
SEl%el = —_T T— :
X Xe

Fieller: all 6 with (X7 — 6X¢)? < 1.96%(SE%. + 62SEZ).

Planning (Chapter 8)

n= (Z1-as2 + 21-8)* (0% + 0F)
= 5
For a = 0.05 and 80% power the factor is 7.849, about 16 g2/8% per group. Power: ®(|§|/SE — 1.96). Bonferroni: level a/k for k
comparisons.

Hash assignment (Chapter 4)

100 - R
b(s,u) = —n;fl(s M)J +1

num: the first 64 bits of SHA-256 of “salt:user”. Two steps need two independent salts.
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Glossary

The Russian column gives the usual term in Russian statistical literature.

Term
Random variable
Distribution function

Expectation, mean

Variance
Standard deviation

Covariance,
correlation

Independence

ii.d. sample

Estimator

Bias

Consistent

Sample variance
Sampling distribution
Standard error

Law of large numbers

Normal distribution

Quantile

Convergence in
distribution

Central limit theorem

Skewness

Null hypothesis

Test statistic

p-value

Significance level

Type 1, type 1I error

Power

Meaning

A number whose value depends on chance.

F(x) = P(X < x).

The probability-weighted average of a random variable,
u.

The expected squared deviation from the mean, o2.

The square root of the variance.

How two variables move together; correlation is
covariance rescaled to [—1, 1].

Knowing one variable does not change the distribution
of the other.

Independent draws from one distribution.

A function of the sample that approximates an
unknown quantity.

Expected estimate minus the true value.

Converges to the true value as the sample grows.

5%, squared deviations from X divided by n — 1.

The distribution of an estimator over repeated samples.
The standard deviation of an estimator.

The sample mean converges to the true mean.

The bell-shaped distribution N(u, o%); standard normal
when N(0, 1).

z4 with ®(z,) = q, for example z 975 = 1.96.

Distribution functions converge at every continuity
point of the limit.

The standardized sample mean is approximately
standard normal for large n.

The standardized third central moment; 0 for symmetric
distributions.

The claim tested against, usually “no difference”.

A number from the data with a known distribution
under the null.

The probability, under the null, of a statistic at least as
extreme as observed.

The threshold « for rejecting the null.
A false positive; a false negative.

The probability of rejecting the null when an alternative
is true.
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Term

Confidence interval

Coverage

Potential outcomes

Average treatment
effect

Selection bias

Confounder

Seeing and doing

Unit of
randomization, of
analysis

Ratio of means

Delta method

Gradient

Forward-mode
differentiation

Bootstrap

Relative lift
Fieller’s interval
Fixed horizon

Peeking

Bonferroni correction

Meaning

An interval built so that a stated share of such intervals
contains the true value.

The share of intervals that actually contain the true
value.

A unit’s outcomes with and without treatment.

The mean of individual effects.

Bias from treatment that depends on the outcome.

A cause of both the treatment and the outcome, such as
user type when users choose their version.

P(Y | X) observes users who happen to have X;
P(Y | do(X)) asks what setting X does. Randomization
makes them equal.

What the assignment chooses; what a metric averages
over.

XY, a ratio of totals.

The standard error of a smooth function of means from
its gradient.

The vector of partial derivatives.

Computing a value and its gradient in one pass.

Resampling the data with replacement to estimate a
standard error.

prluc —1.
An exact confidence set for a ratio of normal means.
Sample size fixed in advance, result read once.

Testing repeatedly and stopping at the first significant
result.

Testing each of k comparisons at a/k.
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Answers to the exercises

Every number below is also computed by a script that the book’s build runs and checks.

Chapter1
1. The values are 1,0,0,1,so n = 4and X = 2/4 = 0.5 (the sample mean). The deviations are +0.5.
s* = (4 x 0.25)/3 = 0.3333 (squared deviations over n — 1)
SE = 1/0.3333/4 = 0.2887 (SE = s/\/n)

s =4x0.5%0.5/3 = 0.3333 (Bernoulli shortcut)

2. Apply the variance of a sum to X + (=Y

Sk_y = 5% + 5% — 2Sxy (variance of a sum, with — Y in place of Y)
=320+ 1.7 — 46 = 275.7 (substitute)

3. The standard error is proportional to 1/\/ n, so halving it needs four times the users: 4 x 400 = 1,600.

Chapter 2

1. With o = 22.98 (the standard deviation of one user’s value): 22.98 / \/ 100 = 2.298, and
2298/ \/10,000 = 0.2298.
2. The skewness of the mean of 30 users is 10.6 / \/30 ~ 1.94. For skewness 0.1:

10.6/4/n = 0.1 (skewness of the mean, set to the target)
ﬁ = 106 (solve)
n=106%=11,236  (square)

3. Chebyshev’s bound and the central limit theorem:

o?/(ne®) = 23%/(10,000 x 1%) = 0.0529 (law of large numbers bound)

SE = 23/4/10,000 = 0.23 (a/A\/n)
¢/SE = 1/0.23 = 4.35 (the distance in standard errors)

By the central limit theorem the probability is about 2(1 — ®(4.35)) ~ 1.4 X 10~>. Chebyshev’s bound holds for

any distribution and is far from tight.

4. With ¢ = 20 and n = 400:

SE = 20/4/400 = 1 (a/\/n)
P(X —u|>2)= 2(1 - (ID(Z)) (2 is two standard errors; two tails)
=2X(1-0.9772) = 0.0456 (table value)

The exact ® gives 0.0455. For the band:

1.96 X 20/4/n = 0.5 (half-width of the 95% band, set to 0.5)
\/n=1.96 x20/0.5=784  (solve)
n = 78.4% = 6,146.56 (square)

rounded up to 6,147.
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Chapter 3

1. With the observed rates 0.10 and 0.125 and n = 1,000 per group:

SE =1/(0.1 X 0.9 4+ 0.125 x 0.875)/999 (0/1 shortcut)
=1/0.199375/999 = 0.014127 (evaluate)
z =0.025/0.014127 = 1.77 (definition of z)
p=2X(1-0.9616) = 0.077 (two-sided p-value)

interval = 0.025 + 1.96 X 0.014127 = [—0.0027, 0.0527] (interval)

The script, with the exact ®, gives p = 0.0768. Not significant at 0.05: p > 0.05 and the interval contains 0.

2. (b) is true by definition, and (c) is true by the duality of tests and intervals. (a) is false: a p-value is computed
assuming H, (the null hypothesis) and is not a probability of Hy. (d) is false: a p-value does not measure size.

3. No test is significant with probability 0.95%, so the answer is 1 — 0.95% = 0.6415.

Chapter 4

1. The individual effects are 1, 0, 0, 1, so the ATE (the average treatment effect) is (1 + 0 + 0 + 1)/4 = 0.5.
Treating users 1 and 3 compares their Y (1) with the Y(0) of users 2 and 4:

Yr—Yc=B+1)/2—-(0+1)/2  (treated users 1, 3; control users 2, 4)
=2-05=1.5 (divide and subtract)
By the randomization proposition the average over all 6 assignments is the ATE, 0.5.

2. Control shrinks from buckets 1-50 to 1-40, so buckets 41-50 move to treatment: 10 of every 100 test users,
10%.

3. Independent salts: 0.5 X 0.3 = 0.15. The same salt: buckets 1-30 are inside 1-50, so 30% of users are in both.

Chapter 5
1. Mean of ratios: (40/2 + 50/1) / 2 = 35, from the 2 users with orders. Ratio of means: (40 + 50) / (2 + 1) = 30,
from all 4 users.

2. Revenue per user doubles (factor 2). Average order value does not change (factor 1): revenue and orders both
double.

3. Let the m users with Y; > 0 all have Y; = ¢, and let the sums below run over those users.

1 X; ZXi
M= — —_— =

m Z Cc mc
_ 2aXi  XXi+0

(definition of the mean of ratios)

R (users with Y; = 0 have X; = 0)

The two fractions are equal, so M = R.

Chapter 6

1. The gradient is (2), so SE? = 22s%/n = 4s?/n and the standard error doubles: a constant factor scales the value
and its standard error alike.

2. The value is 4 x 3 = 12. By the product rule the gradient is (V, C) = (3,4), and
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g'3g =3%% +2x3x4scy +4%s%  (quadratic form for k = 2)
=952 +24scy + 1657, (multiply)

3. With sxy = —80 the middle term changes sign:

sx — 2Rsxy + R*s3 = 1610 +2x 19X 80 + 361 X 8  (substitute sxy = —80)

= 1610 + 3040 + 2888 = 7538 (multiply and add)
SEx = m = 27.46 (divide by n Y? = 10)
With a negative covariance the errors of revenue and orders reinforce each other in the ratio instead of
cancelling.
Chapter 7
1. With X7 = 0.08, X = 0.10 and both standard errors 0.01:
L =0.08/0.10 — 1 = —0.20 (relative lift)
SE e = \/0.0001/0.01 + 0.0064 X 0.0001/0.0001 (delta method)
=10.0164 = 0.1281 (add, root)
delta interval = —0.20 & 1.96 X 0.1281 = [—0.451, 0.051] (delta method)
SEnaive = \/0.0001 + 0.0001/0.10 = 0.1414 (naive)

naive interval = —0.20 + 1.96 X 0.1414 = [-0.477, 0.077] (naive)
The naive interval is wider, because the treatment is below control and the delta method multiplies the control
term by (0.08/0.10)? = 0.64.
2.1f X7 = Xc, then X? SEZ/X} = SEZ/XZ, and the two variance formulas are equal.

3. No. Fieller’s set is a finite interval only when X2 > 1.96% SEZ; here 100 < 1.96% x 36 = 138.3, so the control
mean is not significantly different from 0 and the confidence set for the ratio is unbounded.

Chapter 8

1. The per-user variances are 0.05 X 0.95 = 0.0475 and 0.06 X 0.94 = 0.0564.

n = 7.849 x (0.0475 + 0.0564)/0.01> (the sample-size corollary)
= 0.8155/0.0001 = 8,155 (multiply and divide)
At 1,000 users per group per day, 8,155 / 1,000 = 8.2 days, so 9 days, or 14 to cover each weekday twice.

2. Halving the effect multiplies n by 4: about 4 X 8,155 & 32,600. The exact formula, with the treatment variance
0.055 X 0.945 = 0.051975 at 5.5%, gives 31,231.

3.0.05 /4 =0.0125 per comparison.

Chapter 9

1. The per-user distinct counts are 1, 1, 2, 0 and 1, summing to 5. The group bought 3 distinct plans: basic, pro
and team.

2. (a) and (c). A user’s count of distinct users is 0 or 1 and a user’s revenue is one number, so both group values
are sums over users. Plans overlap across users, and the largest order is decided by one user.
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